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Abstract. This paper presents a method of performing topology optimisation of transient heat
conduction problems using the parallel-in-time method Parareal. To accommodate the adjoint analy-
sis, the Parareal method was modified to store intermediate time steps. Preliminary tests revealed
that Parareal requires many iterations to achieve accurate results and, thus, achieves no appreciable
speedup. To mitigate this, a one-shot approach was used, where the time history is iteratively refined
over the optimisation process. The method estimates objectives and sensitivities by introducing cu-
mulative objectives and sensitivities and solving for these using a single iteration of Parareal, after
which it updates the design using the Method of Moving Asymptotes. The resulting method was
applied to a test problem where a power mean of the temperature was minimised. It achieved a peak
speedup relative to a sequential reference method of 5× using 16 threads. The resulting designs were
similar to the one found by the reference method, both in terms of objective values and qualitative
appearance. The one-shot Parareal method was compared to the Parallel Local-in-Time method of
topology optimisation. This revealed that the Parallel Local-in-Time method was unstable for the
considered test problem, but it was able to execute optimisation iterations faster than the one-shot
Parareal method. It was determined that the dominant bottleneck in the one-shot Parareal method
was the time spent on computing coarse propagators.
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1. Introduction. Topology optimisation is a branch of mathematical design
optimisation which aims to find the optimal material distribution of a given structure
/ device for a given purpose. It has been applied to a variety of problems [9], including
problems involving heat transfer [8] which will be the focus of this paper. In the
context of transient heat transfer, it has been demonstrated that transient effects can
have a noticeable effect on the optimised designs [31, 32].

In general, performing topology optimisation is very computationally expensive
since the state of the system (plus the corresponding adjoint state in the case of adjoint
methods) has to be solved for at each iteration of the optimisation method. More-
over, topology optimisation of transient problems is even more expensive than their
stationary counterparts, since the computational cost is multiplied by the number of
time steps.

Several approaches have been employed in order to accelerate the computations
involved in topology optimisation methods. One such approach is to use iterative
solvers to solve for the states and adjoint states of the system, while only performing
one or a few iterations of the iterative solvers during each optimisation cycle. Such
an approach is called a “one-shot” approach and was initially proposed as a way
of solving optimal control problems [27]. Since then, it has also been used to solve
topology optimisation problems [20, 4].
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Another way to accelerate topology optimisation methods is by parallelising the
computation with respect to the spatial domain using domain decomposition. This
approach has been used to solve various large scale topology optimisation problems
[5, 1, 3, 2]. When it comes to solving transient problems, it can be noted that this
method of parallelising the process with respect to space has a natural limitation, in
the sense that even if 100% parallel efficiency is achieved, the computational cost will
still be proportional to the number of time steps. As such, it would be convenient to
parallelise the process with respect to the time axis.

Despite the fact that time-dependent systems are intuitively thought of as being
sequential in nature, parallel-in-time methods of solving initial value problems (IVPs)
do exist. One such method is the “Parareal” method [21], which is an iterative,
non-intrusive parallel-in-time method. It is non-intrusive in the sense that it works
by making calls to existing time-stepping methods. Specifically, it makes calls to
an expensive time-stepping method in parallel, after which it applies a sequential
correction to the solution using a cheaper time-stepping method.

Another parallel-in-time method is MultiGrid Reduction In Time (MGRIT) [12].
This is a multigrid method where the time-axis is treated as being the grid, and
the coarse grids are constructed by coarsening the time-axis. It has been proven
that Parareal is equivalent to two-level MGRIT in the case of specific choices of relax-
ation methods, restriction operators, and prolongation operators used by MGRIT [15].
Other parallel-in-time methods have also been devised, such as space-time multigrid
methods [19, 25] and PFASST [11].

Various parallel-in-time methods have been applied to solve optimal control prob-
lems, including methods involving Parareal-based preconditioners [10, 29] and PFASST
[16]. In addition, a non-intrusive one-shot approach employing MGRIT has been ap-
plied to solve optimal control problems [24]. A method named “ParaOpt” has been
proposed, which is a Newton-based parallel-in-time method of solving optimisation
problems [13]. Recently, a parallel-in-time method named “Parallel Local-in-Time”
(PLT) has been proposed and applied specifically for the purpose of performing topol-
ogy optimisation [28].

This paper proposes a one-shot method using Parareal to accelerate topology op-
timisation of transient heat conduction problems. The paper is structured as follows:
Section 2 defines the governing equations of interest; Section 3 explains the sensitiv-
ity analysis and modifications to Parareal to accommodate the sensitivity analysis;
Section 4 presents preliminary experiments regarding the speed and accuracy of the
proposed method, which form the motivation for employing a one-shot method; Sec-
tion 5 presents the one-shot Parareal method and experimental results of it; Section 6
presents an experimental comparison between the Parallel Local-in-Time method and
the one-shot Parareal method; and Section 7 gives a conclusion.

2. Governing equations. This paper considers transient heat conduction in
two dimensions governed by the following partial differential equation and boundary
conditions:

c
∂T

∂t
−∇ · (k∇T ) = q on Ω for 0 ≤ t ≤ tT ,(2.1a)

T |t=0 = 0,(2.1b)

T |x∈ΓD
= 0,(2.1c)

n̂ ·∇T = 0 on ΓN ,(2.1d)
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where T = T (x, t) is the temperature field, c = c(x) is the volumetric heat capacity,
k = k(x) is the thermal conductivity, q = q(x, t) is the imposed external heat load
per unit volume, Ω is the two-dimensional spatial domain, tT is the terminal time of
the problem, ΓD is the subset of the boundary where Dirichlet boundary conditions
are imposed, ΓN is the subset of the boundary where Neumann boundary conditions
are imposed, and n̂ is the unit normal vector on the boundary.

2.1. Design parametrisation. The spatial domain is divided into two subdo-
mains: ΩC , which is filled with one material with a high conductivity; and Ω \ ΩC

which is filled with a different material with a low conductivity. The design field
associated with these subdomains is defined as:

χ(x) =

{
1 for x ∈ ΩC

0 for x /∈ ΩC .
(2.2)

To enable the use of gradient-based methods for topology optimisation, the require-
ment that χ(x) must be either 0 or 1 will be relaxed and instead the condition that
0 ≤ χ(x) ≤ 1 is imposed.

The problem is discretised in space using element-wise constant functions for k,
c, and χ. To encourage black-and-white solutions (χ ∈ {0, 1}), a threshold projection
filter [18] is applied to the discretised version of χ by first applying a linear filter
operator, H, to the design field:

χfil = H{χ}.(2.3)

The linear filter used in this work computes a weighted average of the design field
within a distance of rfil around each point, where rfil is called the filter radius [6, 7].
After applying the linear filter, the following non-linear projection function [30] is
applied to χfil:

χphys = P (χfil) =
tanh [β · (χfil − η)] + tanh [βη]

tanh [β · (1− η)] + tanh [βη]
,(2.4)

where η is a threshold parameter and β is a parameter which controls the “sharpness”
of the output. This particular projection function is a sigmoid function. The “physical
design field”, χphys, is then what determines the material parameters c and k.

To interpolate between the properties of the conducting and insulating material,
the following Solid Isotropic Material with Penalisation (SIMP) scheme is used to
define c and k at every point:

c(x) = c (χphys(x)) = cmin + (c0 − cmin)χphys
pc ,(2.5)

k(x) = k (χphys(x)) = kmin + (k0 − kmin)χphys
pk ,(2.6)

where c0 and k0 are the material properties of the conductor, cmin and kmin are the
material properties of the insulator, and pc and pk are penalty powers assigned to the
heat capacity and conductivity, respectively.

2.2. Discretisation. The problem is discretised in space using a simple Galerkin
finite element method with rectangular elements with bilinear shape functions for T
and element-wise constant functions for q. The first-order backward Euler method
is used as the time-stepping method and the solution is evaluated at time points
t0, t1, . . . tNt

, where Nt is the desired number of time steps. The time points are set to
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be evenly spaced, so tn ≡ n ·∆t where ∆t ≡ tT /Nt. As such, the governing equations
of the discretised problem are of the following form:

T0 = 0,(2.7a)

C
Tn −Tn−1

∆t
+KTn = qn for n = 1, 2, . . . Nt − 1, Nt,(2.7b)

where Tn is the vector containing the nodal values of the temperature at the time tn,
C = C(χ) is the heat capacity matrix, K = K(χ) is the thermal conductivity matrix,
χ is the vector containing the degrees of freedom of χ(x), and qn is the external heat
load vector at tn. The entries of the matrices C and K are the following:

Ci,j =

∫∫
Ω

c(x)ϕi(x)ϕj(x) d
2x,(2.8)

Ki,j =

∫∫
Ω

k(x)∇ϕi(x) ·∇ϕj(x) d
2x,(2.9)

where ϕi(x) is the i
th shape function of the temperature field. The discretised IVP in

Equation (2.7) is referred to as the primal problem, and it can be written in all-at-once
matrix form like so:



C
∆t +K 0 0 . . . 0 0
− C

∆t
C
∆t +K 0 . . . 0 0

0 − C
∆t

C
∆t +K . . . 0 0

...
...

...
. . .

...
...

0 0 0 . . . C
∆t +K 0

0 0 0 . . . − C
∆t

C
∆t +K





T1

T2

T3

...
TNt−1

TNt


=



q1

q2

q3

...
qNt−1

qNt


.

(2.10)

This is compacted down to the following form:

MS = Q,(2.11)

where S =
(
TT

1 TT
2 . . . TT

Nt

)T
, Q =

(
qT
1 qT

2 . . . qT
Nt

)T
, and M is the square matrix

which appears in Equation (2.10).
For this study, the objective functional is chosen such that the sensitivities of

the objective are strongly dependent on the details of the time-evolution of the tem-
perature. To achieve this, the objective functional is set to be a power mean of the
temperature over both space and time:

Θ =

(
1

tTA

∫ tT

0

∫∫
Ω

T p d2x dt

)1/p

,(2.12)

where A is the area of Ω and p is a constant. As p → ∞, this objective functional
approaches the max-norm of the temperature. The sensitivities of the max-norm are
strongly dependent on the details of the time-evolution of the temperature, since a
small change in the temperature field can, in some cases, cause the peak of the field
to jump to a completely different time and position, thus significantly changing the
sensitivites of the objective with respect to the design variables. These significant
changes in the sensitivities can be problematic for optimisation algorithms. To avoid
this, p is set to 20 in this work, because this is, in the authors’ opinion, a satisfactory
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compromise between having high sensitivity to the details of the time-evolution while
being less problematic.

In the case of evenly spaced elements and evenly spaced time points, it is reason-
able to approximate this objective functional as the following in the context of the
discretised temperature:

Θ =

 1

NtNe

Nt∑
j=1

∥Tj∥pp
1/p

,(2.13)

where Ne is the number of elements and ∥Tj∥p is the p-norm of Tj . For an arbitrary
vector, a, the p-norm of a is defined as:

∥a∥p ≡

(
N∑
i=1

|ai|p
)1/p

,(2.14)

where ai are the entries of a and N is the number of entries. Note that Equation (2.13)
only works as an approximation of Equation (2.12) if p is even, since the expression
for the p-norm includes the absolute values of the entries of the vector, while the
expression for the power mean does not include the absolute values of the temperature.
Equation (2.13) can also be expressed more compactly in terms of S as the following:

Θ = (NtNe)
−1/p ∥S∥p.(2.15)

2.3. Problem statement. Using the notation established in this section, the
topology optimisation problem of interest in this paper may be formulated as:

min
χ,S

Θ = (NtNe)
−1/p ∥S∥p,(2.16a)

s.t. MS = Q,(2.16b)

0 ≤ χ(x) ≤ 1 ∀x ∈ Ω,(2.16c) ∫∫
Ω

χphys(x) d
2x ≤ amaxA,(2.16d)

where amax is the largest desired area fraction to be occupied by the conducting
material. In addition to solving the above topology optimisation problem, this work
aims to use a parallel-in-time method named “Parareal” to speed up the optimisation
process.

3. Numerical methods.

3.1. Adjoint method of sensitivity analysis. The topology optimisation
problem in Equation (2.16) is solved using either: a common nested approach, where
the physics in Equation (2.16b) is solved using time stepping for every step of the
optimisation algorithm; a one-shot approach, where the solution to the physics is it-
eratively improved over the optimisation process. As the optimisation algorithm, a
version of the Method of Moving Asymptotes (MMA) [26] is used, modified to work
well even when the sharpness parameter, β, is large in the beginning of the optimi-
sation process [17]. This is a gradient-based method, meaning that the gradient, or
sensitivities, of the objective, Θ, with respect to the design field, χ, must be com-
puted. A formula for the sensitivities can be found by first defining the residual to be
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R := MS−Q, after which the sensitivities can be expressed as being the total deriv-
ative of Θ with respect to χ under the constraint that R = 0. This total derivative
is given by the following formula:

∇Θ =
dΘ

dχ
=

∂Θ

∂χ
− ∂Θ

∂S

(
∂R

∂S

)−1
∂R

∂χ
.(3.1)

For the considered problem, ∇Θ reduces to:

∇Θ = −∂Θ

∂S
M−1 ∂R

∂χ
.(3.2)

The sensitivities may be computed efficiently using the adjoint method of sensitivity
analysis. This can be done by introducing an intermediate vector variable, Λ, named
the adjoint temperature, which is defined by the following:

(3.3) MTΛ = Nt

(
∂Θ

∂S

)T

,

which changes the sensitivity expression from Equation (3.2) to:

(3.4) ∇Θ = − 1

Nt
ΛT ∂R

∂χ
.

The factor Nt is included in the definition of Λ for the purpose of making it so that the
values of the entries of Λ do not scale with Nt. The motivation for this will become
apparent in Subsection 3.4.

Solving for Λ in Equation (3.3) is equivalent to solving the following terminal
value problem:

λNt+1 = 0,(3.5a)

CTλn − λn+1

∆t
+KTλn = Nt

(
∂Θ

∂Tn

)T

for n = Nt, Nt − 1, . . . 2, 1,(3.5b)

after which Λ can be assembled as Λ =
(
λT
1 λT

2 . . . λT
Nt

)T
. The above terminal

value problem is referred to as the adjoint problem. Note that this adjoint prob-
lem is very similar to the primal problem, since both C and K are symmetric. For
the considered objective functional, the right-hand side of the above equation is the
following:

Nt

(
∂Θ

∂Tn

)T

=
Θ1−p

Ne
Tn

◦(p−1),(3.6)

where Tn
◦(p−1) is the (p− 1)th Hadamard power of Tn, which is the vector Tn after

raising every element to the power p− 1. Here it can be seen that the magnitude of
the source term for the adjoint temperature does not depend on Nt, so Λ should scale
independently of Nt as intended.

After computing Λ, the sensitivities can be evaluated as:

∇Θ = − 1

Nt

Nt∑
n=1

λT
n

(
∂C

∂χ

Tn −Tn−1

∆t
+

∂K

∂χ
Tn

)
.(3.7)
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3.2. The Parareal algorithm. The Parareal algorithm is an iterative parallel-
in-time method [21], meaning that it is a method of parallelising the process of ob-
taining approximate solutions to IVPs. To explain how it works, the following general
IVP is considered:

du(t)

dt
= f(t,u(t)),(3.8a)

u(0) = u0,(3.8b)

where u(t) is the vector function of time to be solved for, f(t,u) is a given function,
and u0 is a given initial state.

The output of the Parareal algorithm will not be evaluated on all of the time
points tn. Instead, it will be evaluated on a subset of these time points referred to as
the coarse time points. These will be denoted τ0, τ1, . . . τNτ

, where Nτ is the desired
number of coarse time points (excluding the initial point). In this work, the coarse
time points are defined to be:

τn := tM ·n = M · n ·∆t,(3.9)

where M ≡ Nt/Nτ is the coarsening factor. An example of such a set of coarse time
points is sketched in Figure 1. In this context, the notation un will be used to refer
to estimates of u(τn). Also note that M must be an integer, which implies that Nτ

must be a divisor of Nt.

t
t0 t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12 t13 t14 t15

τ0 τ1 τ2 τ3

Fig. 1. Sketch of an example of how the time axis is coarsened when using the Parareal method
for Nt = 15, Nτ = 3, and M = 5.

To get Parareal to work, it is necessary to define a time stepping method for it
to use. This time-stepper is thought of as a function, denoted F(τn,un), which is
defined such that it treats u(τn) = un as being the initial condition and then returns
a good estimate of u(τn+1). The function F is referred to as the fine propagator.
Parareal also needs a coarse propagator, denoted G(τn,un). This should also return
an estimate of u(τn+1), but should be computationally cheaper to evaluate while being
allowed to be less accurate.

The Parareal method is initialised by specifying an initial guess for the solution
at every coarse time point, denoted u0

n. The method then iteratively improves the
solution using a correction step defined by the following recursive formula:

uk+1
n+1 = G(τn,uk+1

n ) + F(τn,uk
n)− G(τn,uk

n),(3.10a)

uk
0 = u0,(3.10b)

where uk
n is the estimate of un obtained at the kth iteration of Parareal. This correc-

tion step is repeated until a specified convergence criterion is satisfied. Figure 2 shows
a diagram of the flow of information associated with the above correction formula.
As a whole, the correction formula has to be evaluated sequentially at each Parareal
iteration. However, the terms involving F can be evaluated in parallel, thus allowing
for speedup via parallelism.
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t
τ0 τ1 τ2 τ3

P
a
ra
re
al

it
er
a
ti
o
n

0

1

2

u0
0 u0

1 u0
2 u0

3

u1
0 u1

1 u1
2 u1

3

u2
0 u2

1 u2
2 u2

3

+F
−
G

+G

+F
−
G

+G

+F
−
G

+G

+F
−
G

+G

+F
−
G

+G

+F
−
G

+G

Fig. 2. Diagram of the flow of information between different time points and Parareal iterations
during execution of the Parareal algorithm, which is governed by Equation (3.10a). Arrows labelled
as +G indicate the addition of terms of the form G(τ,u) and arrows labelled as +F − G indicate the
addition of terms of the form F(τ,u)− G(τ,u).

At the kth iteration, the estimates returned by Parareal at the first k + 1 coarse
time points (that is uk

n for 0 ≤ n ≤ k) will exactly match the solution which would be
obtained if the propagator F had been applied sequentially: un+1 = F(τn,un) [22].
This holds regardless of the function f(t,u) and the choice of G(τn,un). Therefore,
the solution returned by Parareal will always exactly match the sequential solution
after Nτ or fewer iterations. As such, when judging the error associated with Parareal,
it makes sense to use this sequential solution as the reference solution.

In this work, the fine and coarse propagators are distinguished from each other
in the following way:

• The propagator F is defined to compute M time steps, each with a step size
of ∆t, going from τn to τn+1.

• The propagator G is defined to compute one time step with a step size of
∆τ = tT /Nτ = M ·∆t going from τn to τn+1.

As such, the coarse propagator is computationally cheaper and less accurate than the
fine propagator, as intended.

3.3. Modified Parareal for accommodating adjoint sensitivity analysis.
A problem presents itself when trying to compute the sensitivities, ∇Θ, using the
output of Parareal. It is seen in Equation (3.7) that it is necessary to know the
temperature at all fine time points in order to compute the sensitivities using the
adjoint method. However, Parareal only returns estimates for the temperature at the
specific coarse time points τn, not tn. As a work-around for this problem, Parareal was
modified to save the temperature field at each of the intermediate time points while
evaluating the fine propagators, and return the saved fields as part of the solution at
time points where the correction formula of Parareal is not defined. The pseudocode
for this modified Parareal method is presented in Algorithm 3.1. In this pseudocode,
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the variables un store the output of unmodified Parareal, the variables ũn and ũ
(old)
n

serve as a buffers which store the output of G, and ûj stores the output of modified
Parareal at the fine time point tj . Also, a new propagator, H(tj , ûj), is introduced,
which computes a single time step going from tj to tj+1. In the presented pseudocode,
the modified Parareal method is terminated after a specified number of iterations, K,
which is the termination criterion which will be used in this article. This is not a
commonly used termination criterion for Parareal, but it will be sufficient for the
purposes of this work.

Algorithm 3.1 Modified Parareal

1: Create initial guess, un, for 0 ≤ n ≤ Nτ .
2: for n = 0, . . . Nτ − 1 do
3: ũn+1 ← G(τn,un).
4: end for
5: for k = 1, . . .K do
6: {The following loop is executed in parallel by Nτ processors.}
7: for n = 0, . . . Nτ − 1 do
8: ûM ·n+1 ← H(τn,un).
9: for j = M · n+ 1 . . .M · (n+ 1)− 1 do

10: ûj+1 ← H(tj , ûj).
11: end for
12: end for
13: for n = 0, . . . Nτ − 1 do

14: ũ
(old)
n+1 ← ũn+1.

15: ũn+1 ← G(τn,un).

16: un+1 ← ũn+1 + ûM ·(n+1) − ũ
(old)
n+1 .

17: end for
18: for n = 0, . . . Nτ do
19: ûM ·n ← un.
20: end for
21: end for

This modification can be interpreted as a variation of the MGRIT method, since
Parareal is equivalent to some instances of two-level MGRIT, except for the fact
that MGRIT also returns the solution obtained at the intermediate time steps [12].
Regardless of how it is interpreted, this modified implementation of Parareal is less
efficient than unmodified Parareal in terms of memory usage. It is also less efficient in
terms of communication delays, because the current implementation of the modified
Parareal is thread-based, so it spends time on sending the saved fields to the master
thread. In addition, it returns results which are, on average, less accurate than
unmodified Parareal, since unmodified Parareal only returns the parts of the solution
where the correction step has been applied, while the modified Parareal method also
returns parts where it has not been applied. An example of this is shown in Figure 3,
where it can clearly be seen that although the predicted solution at the coarse time
points is decent, the solution at intermediate fine time points is quite poor.

3.4. Choice of propagators used by Parareal. Using the chosen coarsening
approach, it is relatively straight-forward to define fine and coarse propagators which
can be used by Parareal to solve for the temperature field. In addition, it is noted that
it is possible to approximate the objective while solving for the temperature by using
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0 0.2 0.4 0.6 0.8 1

t

0

0.05

0.1

0.15

0.2
T

(0
, 
0
, 
t)

Sequential

Unmodified Parareal

Modified Parareal

Fig. 3. Examples of results returned by sequential time-stepping, the unmodified Parareal
method, and the modified Parareal method (modified to save the states at the intermediate time
steps). The plotted variable is the temperature at the centre of the domain as computed in the test
described in Section 4 where Nτ = 10, the initial guess for Parareal was generated using the coarse
propagators, and only one Parareal iteration was executed.

Parareal. This is done by defining a sequence of cumulative objective values, denoted
θn, at each time point tn, by truncating the sum in the definition of the objective
functional in Equation (2.13) at the nth term like so:

θn =

 1

NtNe

n∑
j=1

∥Tj∥pp
1/p

.(3.11)

The total objective, Θ, is then equal to θNt
. Here it can be noted that θn can be

expressed in terms of θn−1 and Tn like so:

θn =

(
θn−1

p +
1

NtNe
∥Tn∥pp

)1/p

.(3.12)

This lends itself to defining a propagator for the cumulative objective which is coupled
to the temperature. Based on this consideration, the vectors which are solved for by
Parareal are defined to be of the following form:

un =

(
TM ·n
θM ·n

)
.(3.13)

The variables on the right-hand side have subscripts M · n because u is defined only
on the coarse time points, while T and θ are defined on all time points. The initial
condition, u0, (not to be confused with the initial guess, u0

n) is 0, since both T0 = 0
and θ0 = 0.

To help define the propagators used by Parareal, a propagator denoted Hpri is
defined in Algorithm 3.2 to compute one step of the backward Euler method for the
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Algorithm 3.2 Definition of propagator Hpri

Ensure:

(
Tn

θn

)
= Hpri

[
tn−1,

(
Tn−1

θn−1

)]
.

1: Solve for Tn in the equation C
Tn −Tn−1

∆t
+KTn = qn.

2: θn ←
(
θn−1

p +
1

NtNe
∥Tn∥pp

)1/p

.

temperature and one step of accumulating the objective. The fine propagator for
the primal problem, Fpri, is then defined to repeat Hpri M times, while the coarse
propagator for the primal problem, Gpri, is defined to be the same as Hpri, but with
the following substitutions:

• ∆t should be replaced with ∆τ ,
• Nt should be replaced with Nτ ,
• and every variable with subscript n− 1 should instead have subscript n−M .

The adjoint problem is also solved using Parareal. For this purpose, the direction
of time for the correction formula of Parareal must be reversed, since the adjoint
problem is a terminal value problem. As such, the correction formula becomes:

vk+1
n−1 = G(τn,vk+1

n ) + F(τn,vk
n)− G(τn,vk

n).(3.14)

Here v is used to denote the state vectors of the adjoint problem in order to distinguish
them from those of the primal problem.

Similarly to how the temperature and objective are solved simultaneously using
Parareal, the adjoint temperature and the sensitivities are also solved for simulta-
neously using Parareal. This is done by introducing cumulative sensitivities at each
time point by truncating the sum in Equation (3.7):

gn = − 1

Nt

Nt∑
j=n

λT
j

(
∂C

∂χ

Tj −Tj−1

∆t
+

∂K

∂χ
Tj

)
.(3.15)

Note that this sum is truncated from below instead of from above. As such, the total
gradient is ∇Θ = g1. It also makes it so that gn can be expressed in terms of gn+1

and λn as:

gn = gn+1 −
1

Nt
λT
n

(
∂C

∂χ

Tn −Tn−1

∆t
+

∂K

∂χ
Tn

)
.(3.16)

This lends itself to defining backward-in-time propagators for λ and g. As such, the
vectors solved for by Parareal for the adjoint problem are defined to be of the following
form:

vn =

(
λM ·n+1

gT
M ·n+1

)
.(3.17)

The +1 is added in the subscripts to make it so that v0 contains g1. The terminal
condition for this vector is vNτ = 0. Similarly to the primal problem, a single step
propagator, denoted Hadj , is defined for the adjoint problem in Algorithm 3.3. The
fine propagator for the adjoint problem, Fadj , is then defined to repeat Hadj M times,
while the coarse propagator for the primal problem, Gadj , is defined to be the same
as Hadj , but with the following substitutions:
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Algorithm 3.3 Definition of propagator Hadj

Ensure:

(
λn

gT
n

)
= Hadj

[
tn+1,

(
λn+1

gT
n+1

)]
.

1: Solve for λn in the equation CTλn − λn+1

∆t
+KTλn =

Θ1−p

Ne
Tn

◦(p−1).

2: gn ← gn+1 −
1

Nt
λT
n

(
∂C

∂χ

Tn −Tn−1

∆t
+

∂K

∂χ
Tn

)
.

• ∆t should be replaced with ∆τ ,
• Nt should be replaced with Nτ ,
• and every variable with subscript n± 1 should instead have subscript n±M .

Here it should be recalled that Λ (and subsequently λ) was defined in Subsec-
tion 3.1 in such a way, that its entries do not scale with Nt. The motivation for this
lack of scaling is to make the output of Gadj scale the same way as the output of
Fadj , since the fine and coarse propagators used by Parareal are supposed to return
approximate solutions of the same problem. Unmodified Parareal is used to solve the
adjoint problem instead of the modified Parareal method, because there is no need to
store the intermediate values of λ and g for later. This cuts down on memory usage
and communication delays.

In summary, the temperature, objective, adjoint temperature, and sensitivities
will be estimated using Parareal by following the steps listed in Algorithm 3.4. As
such, this is a method which estimates the primal and adjoint solutions using two
separate calls to Parareal. It is also possible to formulate an alternative method of
estimating the objective and sensitivities using Parareal where Parareal does not ap-
proximate the cumulative objectives and sensitivities. Instead, Parareal could be used
to solve only for the temperatures and adjoint temperatures, and the objective and
sensitivities could be estimated using Equation (2.13) and Equation (3.7). However,
it was decided to use the method in Algorithm 3.4, because in this method, the objec-
tive is estimated within the same block of parallel code as the temperature. Likewise,
the sensitivities are estimated within the same block of parallel code as the adjoint
temperatures. Additionally, Algorithm 3.4 allows for the use of unmodified Parareal
when estimating λ and ∇Θ, as mentioned earlier, which would not be possible in the
alternative method.

Algorithm 3.4 Estimating objective and sensitivities using Parareal.

1: Solve for the temperatures, T, and cumulative objective values, θ, using modified
Parareal (Algorithm 3.1).

2: Θ← θNt .
3: Solve for the adjoint temperatures, λ, and cumulative sensitivities, g, using un-

modified Parareal, except going backwards in time.
4: ∇Θ← g1.

4. Preliminary tests of Parareal. To test the performance of Algorithm 3.4,
some preliminary tests are made on a fixed design field wherein the speed and accuracy
of the method is measured.

4.1. Definition of test case. The method was tested on a system consisting of
a square domain with a side length of L. The boundary conditions of the system are
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Fig. 4. Geometry and boundary conditions of the domain of the test case defined in Subsec-
tion 4.1.

Parameter: k0 kmin c0 cmin pk pc
Value: 3 0.03 1 0.5 3 2

Table 1
List of material parameters and penalty parameters chosen for the test case defined in Subsec-

tion 4.1.

sketched in Figure 4 and consist of homogeneous Neumann conditions on all bound-
aries except for a small part at the bottom with a homogeneous Dirichlet condition.
In addition, the depth of the domain (in the out-of-plane direction) is also set equal
to L.

The system is non-dimensionalised by setting L = 1, tT = 1, and c0 = 1. A
complete list of the chosen material parameters and penalty parameters can be found
in Table 1. The imposed heat load is defined to be the following:

q(x, t) =
1

2
(1− t) [1 + cos(50t)] .(4.1)

This external heat load is uniform over space but variable over time, and it oscillates
with a constant frequency and variable amplitude, as shown in Figure 5. For small
values of Nτ , the frequency is high enough that it is difficult for the coarse propagators
to capture the oscillations, in the sense that they can not resolve the oscillations unless
∆τ is less than the period of oscillation. The domain is discretised with a uniform
mesh of 100 × 100 square elements and the total number of time points is set to
Nt = 480.

4.2. Procedure for preliminary tests. The purpose of the preliminary tests
is the following:

• To evaluate how accurately the proposed Parareal-based method can compute
the objective and sensitivities (since these are the pieces of information which
have to be passed to MMA);

• To measure how much speedup the Parareal-based method provides.
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Fig. 5. Imposed heat load, q as a function of time, t, as defined in Equation (4.1).

The aim is not to evaluate the error associated with the finite element method and
backward Euler method. As such, the reference method, which the solutions and
wall-clock times will be compared against, is one where Fpri and Fadj are applied
sequentially, as advocated for in Subsection 3.2 (or rather, it is Hpri that is applied
sequentially when solving the primal problem, since the temperature at every time
point has to be stored).

The errors associated with the objective and sensitivities will be evaluated like
so:

Error in objective =
|Θpar −Θseq|
|Θseq|

,(4.2)

Error in sensitivity =
∥∇Θpar −∇Θseq∥2

∥∇Θseq∥2
,(4.3)

where Θpar is the objective estimated by Parareal and Θseq is the true objective
evaluated using the sequential reference method. Similarly, ∇Θpar and ∇Θseq are
sensitivities estimated by Parareal and the reference method respectively, and ∥·∥2 is
the Euclidean norm.

For these preliminary tests, the design field was fixed to a topology obtained after
performing topology optimisation on the defined test case by using a method which
exclusively used sequential time-stepping.

The initial guess solutions supplied to Parareal are generated using the coarse
propagators, such that u0

n+1 = Gpri(τn,u0
n) and v0

n−1 = Gadj(τn,v0
n).

The algorithm is implemented in MATLAB and parallelised using parallel pools
of worker threads facilitated by MATLAB’s Parallel Computing Toolbox. To achieve
better parallel efficiency, it would be prudent to parallelise the method using Message
Passing Interface (MPI) instead of thread pools. However, the use of MPI is beyond
the scope of this article, because this work is intended to be a proof of concept.

In each test, the number of worker threads in the pool is set equal to Nτ . Four
values of Nτ are considered for the preliminary tests: Nτ = 5, 10, 20, and 30. For each
value of Nτ , the number of applied Parareal iterations is varied between 1 and 8. The
tests are executed on a machine consisting of two Intel Xeon Gold 6130 processors,
meaning the machine had a total of 32 cores and 64 threads.

During early tests of the code, technical difficulties were encountered when mea-
suring the wall-clock time of the sequential time-stepping code. For more information
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Fig. 6. Plots of the results of the preliminary tests described in Section 4.

about these technical difficulties and how they were mitigated during the subsequent
tests, see Appendix A.

4.3. Results of preliminary tests. The results of the preliminary tests are
plotted in Figure 6. The wall clock time taken by the sequential reference method
was 17.1 seconds, and the wall clock times taken by Parareal are listed in Table 2. It
can be seen that the parallel efficiency is not particularly impressive. The speedup
gained when using 5 threads never goes above 4×, and the speedup gained with 10 -
30 threads only goes slightly above 5×.

It can also be seen that the errors do not decrease monotonically as the number of
Parareal iterations goes up. Additionally, the errors in the sensitivities are generally
larger than the errors in the objective. This makes sense, because the sensitivities
depend on the temperatures and the total objective, which means that the errors in
the temperatures and objectives will contribute to the errors in the sensitivities.

If a fairly loose tolerance of 10−2 is imposed on the errors in the sensitivities,
then the best measured speedup that satisfies this tolerance is 1.8×, which is at 3
iterations using 30 threads. If the tolerance is lowered to 10−3, then the best measured
speedup drops to 1.5× at 4 iterations using 30 threads. These speedup factors are
unimpressive and borderline useless. Thus, it would be convenient to have a method
which combines the speedup achieved for one iteration while also having the accuracy
achieved at greater numbers of iterations. This is where one-shot methods come in,
which will be explained in the next section.
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Number of
Parareal
iterations

5 threads 10 threads 20 threads 30 threads

1 4.68 3.40 3.38 3.99
2 9.15 6.27 5.59 6.53
3 13.2 9.14 7.92 9.28
4 17.4 12.0 10.2 11.7
5 22.3 14.8 12.4 14.3
6 26.4 17.7 14.8 16.7
7 31.1 20.7 17.1 19.7
8 37.0 24.2 20.9 22.9

Table 2
Wall clock times (given in seconds) of the of the preliminary tests of Parareal described in

Section 4.

5. One-shot Parareal method of topology optimisation. To maximise the
speedup gained from the use of Parareal, while still having acceptable accuracy, a
“one-shot” approach is applied to the considered topology optimisation problem. In
this context, being a one-shot method means that an iterative method (Parareal) is
used as part of the optimisation process, and for each optimisation cycle, only one
iteration of this iterative method is performed to solve the primal problem and only
one iteration is performed to solve the adjoint problem. In addition, the initial guesses
provided to Parareal are set to be the primal/adjoint solution obtained at the previous
iteration. This way of setting the initial guess is referred to as a “warm restart”. Of
course, this does not work at the first iteration of the optimisation loop. Instead, the
fine propagators for the primal and adjoint problems are applied sequentially to obtain
the solutions at the first iteration. The proposed one-shot approach is presented in
the form of pseudocode in Algorithm 5.1.

Algorithm 5.1 One-shot Parareal Optimisation Method

1: Initialise system parameters, MMA, etc.
2: i← 0.
3: while i < imax do
4: i← i+ 1.
5: if i = 1 then
6: Solve for S and θ using sequential time-stepping.
7: Solve for Λ and g using sequential time-stepping.
8: else
9: Solve for S and θ using 1 iteration of Parareal with guess being the solution

obtained at the previous iteration.
10: Solve for Λ and g using 1 iteration of Parareal with guess being the solution

obtained at the previous iteration.
11: end if
12: Θ← θNt

.
13: ∇Θ← g1.
14: Call MMA subroutine to update χ using the obtained ∇Θ and Θ.
15: end while

The idea behind this one-shot approach is that if the design field only changes by
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small amounts between each design update, then the solutions for both the primal and
adjoint problems are expected to be similar to the solutions obtained at the previous
optimisation iteration. Therefore, it should be possible to obtain good solutions at
each iteration simply by applying a small correction to the solutions obtained at
the previous iteration. This rule typically applies well to the later iterations of the
optimisation process, where the design changes quite slowly. However, for the earlier
iterations, the design field typically changes quite rapidly, thus making the rule less
applicable, but the one-shot approach is performed nonetheless.

5.1. Procedure for tests of one-shot Parareal method. To test the pro-
posed one-shot method of topology optimisation, it is implemented in MATLAB and
parallelised using parallel pools of worker threads facilitated by MATLAB’s Parallel
Computing Toolbox. It is applied to the test case defined in Subsection 4.1.

The value of Nτ is varied between each test. Specifically, Nτ is set to assume the
value of every divisor of 480 between 2 and 32, which means that 14 different tests
are executed (or 15 if the test of the sequential reference method is included). The
number of worker threads in the parallel pool is always set equal to Nτ . Also, Nτ

is the only independent parameter which is varied between the tests, because all the
other parameters are either fixed or defined in terms of Nτ .

The reference method is one that is identical to the proposed one-shot method,
except it uses sequential time-stepping at every iteration by applying the fine prop-
agators sequentially. When measuring the wall-clock time of this reference method,
the method of timing described in Appendix A is used.

The chosen values for the parameters for the threshold projection filter are β = 32,
η = 0.5, and rfil = 0.03. The maximum area fraction is set to amax = 0.3 and the
initial design field is set to be uniform such that χphys(x) = amax at every point in
the domain. After that, 300 optimisation iterations are executed. During this, no
continuation scheme is applied.

For the sake of accurately comparing the final topologies obtained in each test,
the true objective (as opposed to the objective estimated by Parareal) is evaluated at
the final iteration of each test. In addition, for the sake of accurately judging the rate
of convergence of the one-shot method, the true objective is computed and stored at
every iteration in the specific tests where Nτ = 5, 10, and 30. For these tests, the
time taken to compute the true objective is excluded from the wall-clock time when
the speedup is evaluated.

5.2. Results of tests of one-shot Parareal method. The measured speedup
factors of each test are shown in Figure 7. Additionally, the corresponding wall clock
times are listed in Table 3. The peak speedup is 4.95×, which is consistent with the
speedup factors observed in Subsection 4.3.

The tests converged to various local minima of the objective. These local minima
are different from each other due to the fact that the output of Parareal depends on
Nτ , which in turn is equal to the number of threads. Figure 8 shows a selection of eight
of the designs that were obtained at the last iteration of tests of the one-shot Parareal
method, along with the reference method. It can be seen that the resulting designs
look qualitatively similar, but they do have different placements of small branches. It
can also be seen that the designs are not perfectly symmetrical (especially noticeable
in the case with 12 threads) despite the fact that the system and the initial design field
are both symmetrical. The asymmetry is most likely “seeded” by small inaccuracies
in the solvers, since floating point errors in the solvers can cause MMA to return
design fields which contain small amounts of asymmetry. After that, the amount of
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Fig. 7. Measured speedup of the one-shot Parareal method of topology optimisation. The peak
is at 16 threads with a speedup of 4.95×.

Number of
threads

Wall clock
time [s]

1 4928.0
2 2694.6
3 1993.8
4 1659.6
5 1450.8
6 1286.5
8 1145.5
10 1042.3
12 1002.0
15 1033.4
16 996.4
20 1021.9
24 1089.4
30 1257.6
32 1295.0

Table 3
Measured wall clock times of the one-shot Parareal method of topology optimisation. The row

with one thread is the result of the test of the sequential reference method.

asymmetry can be amplified by the MMA subroutine, because MMA may return a
design field that is even more asymmetrical than the previous design field due to the
asymmetry in the sensitivities. The underlying optimisation problem is highly non-
convex and multimodal, so it is easy to end up in a different local minima given the
slight inaccuracies. There are also examples of non-symmetric solutions being optimal
for symmetric problems [23].

Figure 9 shows the relative final objective values found in each test, given as a
percentage of the final objective found by the reference method. It can be seen that
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Fig. 8. A selection of nine different local minima of the objective function that were found
using the sequential reference method and the one-shot Parareal method with different numbers of
threads.

the objective values of the final designs are all within ±2% of the objective obtained
by the reference method. In particular, there are even a handful of designs (where
Nτ = 2, 5, 6, and 12) which are slightly better than the design found by the reference
method. The true objective for the tests where Nτ = 5, 10, and 30, along with the
test of the reference method, are plotted as functions of the optimisation iteration at
the top of Figure 10. These objective histories are almost indistinguishable, so at the
bottom of Figure 10 they are shown relative to the objective history of the reference
method. Here it can be seen that the one-shot Parareal method generally improves
the objective more slowly than the reference method during the first 50 iterations, as
it lags up to 4% behind the reference method. However, after the 50th iteration, the
one-shot Parareal method catches up with the reference method to some extent. In
the test where Nτ = 5, the one-shot method even overtakes the reference method.
After about 100 iterations, both methods become more or less stagnant.

Based on the above observations, it is seen that the one-shot Parareal method
of topology optimisation is capable of finding designs comparable to the sequential
reference method, both in terms of qualitative appearance and objective values. How-
ever, if the one-shot Parareal method is terminated prematurely (terminated before
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Fig. 9. Relative objective values of the designs obtained at the final iterations of the tests of
the one-shot Parareal method of topology optimisation. These are shown as a percentage of the final
objective obtained by the sequential reference method.

stagnating), then it returns results which are consistently worse than what the refer-
ence method would find if it were terminated at the same number of iterations. This
makes sense, considering that the estimates of the sensitivities are expected to be
worse during the earlier iterations of the one-shot method. However, since the one-
shot Parareal method takes less wall-clock time per optimisation cycle, it is likely that
the one-shot Parareal method will return better results than the reference method, if
both are stopped prematurely after the same amount of real time.

6. Comparison to the Parallel Local-in-Time method of topology opti-
misation. Recall that the coarse propagators used by Parareal are intended to have
two properties: they should be cheap to evaluate, while being allowed to be inac-
curate. These two properties can be taken to their extreme by making the coarse
propagators not perform any processing at all, thus returning results which are com-
pletely inaccurate. For example, the coarse propagators could be set to only return
the zero vector:

Gpri(τn,un) = 0, Gadj(τn,vn) = 0.(6.1)

In this case, the correction formulae used by Parareal simply become the following:

uk+1
n+1 = Fpri(τn,u

k
n),(6.2a)

vk+1
n−1 = Fadj(τn,v

k
n).(6.2b)

For more information on this type of Parareal method, where the coarse propagator
has been removed, refer to [14]. If this were to be plugged into the one-shot Parareal
method proposed in this paper, then the result would be a method which is very similar
to the “Parallel Local-in-Time” (PLT) method of topology optimisation [28]. In the
PLT method, u and v at the (k+1)th optimisation iteration are evaluated according
the two formulae above, using the values found at the kth iteration. However, the
vectors u and v in the PLT method only contain the state vectors and adjoint state
vectors, unlike the method proposed in this paper where they also contain cumulative
objectives and cumulative sensitivities. Instead, the PLT method can be thought
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Fig. 10. Top: True objective values (as opposed to objective values estimated by Parareal) as a
function of the optimisation iteration during a small selection of the tests of the one-shot Parareal
method, along with the test of the sequential reference method. Bottom: The relative values of the
objective histories shown at the top, normalised with respect to the objective values of the reference
method at each iteration.

of as evaluating objectives and sensitivities in post-processing at each optimisation
iteration. For more information on the PLT method, refer to [28] or see the pseudocode
in Appendix B. Based on these considerations, it can be said that the PLT method can
be interpreted as a one-shot method which uses Parareal where the coarse propagators
have been set to zero, since the PLT method executes one iteration of Parareal for the
primal problem, followed by one iteration of Parareal for the adjoint problem, during
each optimisation cycle.

6.1. Procedure for tests of Parallel Local-in-Time method. The PLT
method described in [28] assumes that the objective is of the following form:

Θ =

Nt∑
j=0

Fj(Tj ,χ)∆t,(6.3)
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where Fj is a sequence of given functions. This is a problem, because the objective
function considered in this paper is not of this form. As a work-around for this, the
following modified objective is introduced:

(6.4) Θ̃ = Θp =

Nt∑
j=1

1

NtNe
∥Tj∥pp =

Nt∑
j=1

1

tTNe
∥Tj∥pp ∆t.

The adjoint sensitivity analysis for this modified objective is identical to that of the
original objective, except the source term for the adjoint temperature is:

Nt

(
∂Θ̃

∂Tn

)T

=
p

Ne
Tn

◦(p−1).(6.5)

After computing Θ̃ and ∇Θ̃, the original objective and gradient can be obtained using
the following formulae:

Θ = Θ̃1/p,(6.6)

∇Θ =
Θ1−p

p
∇Θ̃.(6.7)

Based on these considerations, the PLT method will be applied to the considered
topology optimisation problem by modifying Algorithm 5.1 in the following ways:

1. PLT is used instead of Parareal in Line 9 and 10.
2. The objective and sensitivities being estimated by PLT are Θ̃ and∇Θ̃ instead

of Θ and ∇Θ.
3. The objective and sensitivities passed to the MMA subroutine are Θ and ∇Θ,

and they are evaluated using Equations (6.6) and (6.7).
The resulting method is implemented in MATLAB and parallelised in the same way
as the one-shot Parareal method. It is applied to the test case defined in Subsec-
tion 4.1. All parameters of the tests are set equal to the parameters chosen for the
tests described in Subsection 5.1, meaning that 14 tests of the PLT method are exe-
cuted. The true objective is evaluated at the end of each test, and during the specific
tests where Nτ = 5, 10, and 30, the true objective is computed and stored at every
iteration. The time taken to compute the true objective is excluded when evaluating
the speedup. The reference method which the results are compared against is the
same as the reference method defined in Subsection 5.1. The tests are executed on
the same type of machine as the one used to test the one-shot Parareal method.

6.2. Results of tests of Parallel Local-in-Time method. The PLT method
proved to be highly unstable for large values of Nτ . This is illustrated in Figure 11,
which shows a sample of eight of the designs that were found at the last iteration of
the tests of the PLT method, along with the reference method. The designs obtained
using 8 or fewer threads look qualitatively similar to each other, but the designs begin
to diverge from each other when 10 or more threads are used. This observation is
consistent with earlier observations which show that the PLT method gives worse
designs when ∆τ = tT /Nτ is lowered [28].

Figure 12 shows the relative final objective of each of the tests of the PLT method,
given as a percentage of the final objective found by the reference method. It is seen
that when fewer than 10 threads are used, the final objective is nearly constant and
very close to the objective found by the reference method. When using 10 or more
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Fig. 11. A selection of nine different topologies that were found using the sequential reference
method and the PLT method with different numbers of threads. The PLT method is clearly unstable
when using large numbers of threads.
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Fig. 12. Relative objective values of the designs obtained at the final iterations of the tests of
the PLT method of topology optimisation. These are shown as a percentage of the final objective
obtained by the sequential reference method.
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threads, the objective becomes significantly larger, and there is a positive correlation
between the objective and the number of threads.

Figure 13 shows the histories of the true objective for the tests where Nτ = 5,
10, and 30, along with the reference method. Unlike in the tests of the one-shot
Parareal method, these histories are easy to distinguish from each other. It is seen
that the PLT method is fairly stable for Nτ = 5, with the exception of one small
spike in the objective occurring around the 15th iteration. However, it does converge
noticeably slower than the reference method, at least in terms of objective reduction
per iteration. Meanwhile, in the test where Nτ = 10, the objective oscillates during
the first 200 iterations, but it appears to stabilise around the 230th iteration, after
which it converges very slowly. In the test where Nτ = 30, the objective oscillates
during the entire optimisation process.
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Fig. 13. True objective values (as opposed to objective values estimated by PLT) as a function
of the optimisation iteration during a small selection of the tests of the PLT method, along with the
test of the sequential reference method.

Since the PLT method is unstable when using too many threads, it does not
make sense to define the speedup of the PLT method in terms of the time to solution
in those cases, because the method does not converge to a solution. Instead, the
speedup is always defined in terms of the time it takes to execute a fixed number of
optimisation cycles. This is also how the speedup of the one-shot Parareal method was
defined. Using this definition, the measured speedup of the PLT method is plotted
in Figure 14. Additionally, the corresponding wall clock times are listed in Table 4.
The peak speedup is at 11.8× using 32 threads, which is significantly better than the
maximum speedup that was measured for the one-shot Parareal method, which was
4.95×. This peak speedup of the PLT method is meaningless in practice, since it did
not converge when using 32 threads. However, it is worth investigating why the PLT
method is so much faster than the one-shot Parareal method, since this may lead to
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Fig. 14. Measured speedup of the PLT method of topology optimisation. The peak is at 32
threads with a speedup of 11.8×. The speedup is defined in terms of the time it takes for the PLT
method to execute a fixed number of optimisation cycles.

Number of
threads

Wall clock
time [s]

1 4928.0
2 2835.9
3 1952.4
4 1563.3
5 1329.7
6 1159.5
8 899.3
10 798.7
12 705.3
15 582.1
16 561.3
20 480.7
24 425.7
30 421.4
32 416.8

Table 4
Measured wall clock times of the PLT method of topology optimisation. The row with one thread

is the result of the test of the sequential reference method.

ideas for improvements of the one-shot Parareal method.

6.3. Isolating bottleneck in one-shot Parareal method. In terms of the
speed at which it executes optimisation iterations, the PLT method has the following
advantages over the one-shot Parareal method:

1. The PLT method does not send the temperature field at the intermediate
time steps to the master thread. This reduces communication delays.
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2. The parallel computations of the PLT method are not interrupted when it
switches from solving the primal problem to the adjoint problem, because the
primal and adjoint problems are solved in the same block of parallel code in
the PLT method. This is in contrast to the one-shot Parareal method where
the primal and adjoint problems are solved in separate calls to the Parareal
algorithm. This further reduces communication delays for the PLT method.

3. The PLT method does not spend time on computing coarse propagators se-
quentially.

To investigate which of these advantages are the most significant, a test is performed
where the one-shot Parareal method is modified such that Gpri and Gadj always return
0. It is then executed as described in Subsection 5.1 with Nτ set to 32. It failed
to converge within the 300 iterations given. However, the speedup relative to the
reference method is measured to be 10.8×. This is close to the speedup of 11.8×
achieved by the PLT method for Nτ = 32 and significantly faster than the speedup
of 3.81× measured for Nτ = 32 using the original version of the one-shot Parareal
method.

Based on these observations, it seems like the most significant bottleneck for the
original one-shot Parareal method is the time spent on evaluating the coarse propaga-
tors. This makes sense, since the coarse propagators must be evaluated sequentially,
and this must be done Nτ times per Parareal iteration, so if more processors are
added, then the total wall-clock time spent on computing the coarse propagators will
increase. This also explains why the method is observed to have poor scalability, as
shown in Figure 7.

This can also be investigated theoretically by considering the following simple
performance model: Assume that the time taken by the reference method and the
one-shot Parareal method is dominated by the backward Euler steps of the fine and
coarse propagators, and assume that the time taken to compute one backward Euler
step is TBE . Then the total wall-clock time taken to run the sequential reference
method is expected to be:

Tseq = 2NoNtTBE ,(6.8)

where No is the number of optimisation cycles. The factor 2 appears due to the
adjoint analysis. In one iteration of Parareal, the Nt fine time steps are parallelised
over Nτ processors, but it also computes the coarse propagator Nτ times sequentially
afterwards. Additionally, it computes the coarse propagator Nτ times as part of the
initialisation of Parareal, regardless of whether or not the initial guess is generated by
the coarse propagators. This yields a total of 2Nτ evaluations of the coarse propagator.
Therefore, the total wall-clock time taken to run the one-shot Parareal method is
expected to be:

Tpar = 2No

(
Nt

Nτ
+ 2Nτ

)
TBE .(6.9)

Here the method is modelled as though it uses Parareal during every optimisation
cycle, even although it uses time stepping specifically for the first cycle. This is a
reasonable simplification if the time spent on time stepping during the first cycle is
negligible in comparison to the total time taken by the rest of the optimisation cycles.
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Fig. 15. Speedup of the one-shot Parareal method according to a performance model, compared
with the measured speedup. The peak speedup in the model is 7.74× at both 15 and 16 threads. The
large difference between the model and the measurements is likely due to the fact that the model does
not include communication delays nor the MMA subroutine.

Under these assumptions, the speedup is expected to be:

S =
Tseq
Tpar

=
Nt

Nt

Nτ
+ 2Nτ

=
1

1

Nτ
+

2Nτ

Nt

.(6.10)

This theoretical speedup is plotted in Figure 15 along with the measured speedup.
It is seen that there are some significant discrepancies between the model and the
measurements, since the theoretical speedup reaches a peak of 7.74×. This is likely
caused by the fact that the performance model does not consider communication
delays nor the time taken by the MMA subroutine. Regardless, the model does make
some predictions which are consistent with the measurements. Firstly, the model
predicts that the peak speedup is at 15 and 16 threads, which is in close agreement
with the measurements, where the peak is at 16 threads. Secondly, the shapes of the
speedup plots are similar, in the sense that they have a peak, and after the peak is
reached, the speedup slowly drops as more threads are added. In the model, this drop
in speedup is solely caused by the time spent on computing the coarse propagators.

Based on these investigations, it can be said that it would be prudent to focus on
reducing the compute time of the coarse propagators if any significant improvements
are to be made on the speed of the one-shot Parareal method. This could be done
by, for example, evaluating the coarse propagators on a coarse spatial mesh or by
parallelising the computation with respect to space. If the compute time of the coarse
propagators is reduced significantly, then it may be possible to gain additional speedup
by using MPI instead of thread pools, as mentioned in Subsection 4.2. However, these
considerations are left as subject for future investigations.

7. Conclusion. This paper has proposed a one-shot method which uses the iter-
ative parallel-in-time method Parareal to accelerate topology optimisation of transient
heat conduction problems. In order to accommodate the adjoint sensitivity analysis,



28 MAGNUS APPEL AND JOE ALEXANDERSEN

the Parareal algorithm was modified to save the temperature field at all intermediate
time points. This modification came at the cost of greater memory usage and greater
communication overhead.

The method estimates the objective by introducing cumulative objectives at each
time point and having Parareal solve for the cumulative objectives while solving for
the temperature. Likewise, it estimates the sensitivities by introducing cumulative
sensitivities and having Parareal solve for them while solving the adjoint problem.
The estimates of the objective and sensitivities are then passed to the Method of
Moving Asymptotes to update the design.

Preliminary tests were made to evaluate the speed and accuracy of the above
Parareal method. These revealed that Parareal could reach a speedup factor up
to 5× for the considered test problem, if only one Parareal iteration was executed.
However, multiple iterations were required in order to obtain accurate results, even
when the imposed tolerance was very lenient. As a consequence, the speedup was
lowered significantly and became useless in practise. To mitigate the large errors and
low speedups, the proposed optimisation method uses warm restarts and only one
Parareal iteration to solve the primal and adjoint problems during each optimisation
iteration. This makes it a one-shot method.

The one-shot Parareal method was tested by applying it to a topology optimisa-
tion problem, where the objective functional was a power mean of the temperature.
The method achieved a peak speedup of 4.95× using 16 threads. The method con-
verged to different local minima depending on the number of threads that were used.
However, these local minima were all similar to the minimum found by a sequen-
tial reference method. The objective values were within ±2% of the reference value
and the topologies looked qualitatively similar to each other. The one-shot Parareal
method did converge more slowly than the reference method in terms of objective
improvement per iteration. However, this is likely offset in practise by the speedup of
the one-shot Parareal method.

It was argued that the proposed method is, in theory, similar to another parallel-
in-time method of topology optimisation named the Parallel Local-in-Time (PLT)
method. Tests were made to compare the performance of the PLT method to the
one-shot Parareal method. This revealed that the PLT method is highly unstable
when using large numbers of threads. However, it was also significantly faster than
the one-shot Parareal method in terms of the speed at which it executes optimisation
cycles.

It was determined that the most significant bottleneck in the one-shot Parareal
method was the time spent on evaluating the coarse propagators, due to this remaining
a sequential process. This means that if significant improvements are to be made, then
it makes sense to make the coarse propagators cheaper to evaluate.

Appendix A. Quirks regarding timing of sequential time-steppers in
MATLAB.

During some preliminary tests of the MATLAB code used in this project, it was
sometimes found that it achieved a speedup greater than 2, when running Parareal
using a parallel pool containing only 2 worker threads, which should not be possible.
After troubleshooting, it was found that the backward Euler method ran slower when
being evaluated by the master thread than when it was being evaluated by a worker
thread. The performance of the sequential time-stepping code was (prior to this
observation) measured by running it on the master thread, thus giving the sequential
code an unfair disadvantage, which explains the false appearance of achieving an
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efficiency greater than 100%.
The authors do not know the cause of this slowdown of the master thread. How-

ever, they hypothesise that the master thread might be using a sub-optimal paral-
lelisation of the linear solver used by the backward Euler method, because it was
observed that the master thread used more CPU than an individual worker thread
would use to solve the same problem.

To obtain a more fair comparison between the performance of Parareal versus the
sequential time-stepping method, it was decided to always evaluate the performance
of the sequential method by creating a parallel pool consisting of only one worker
thread, and then to make that one worker run the sequential method. This work-
around adds a bit of uncertainty on the measured wall-clock times of the sequential
code, because it is difficult to tell how much of the measured time is due to processing
and how much of it is due to communication delays between the master thread and
the one worker.

It was also decided to let a worker thread run the MMA subroutine which updates
the design variables, because this was also observed to be faster than letting the master
thread run it.

Appendix B. Pseudocode for the Parallel Local-in-Time method.
The pseudocode in Algorithm B.1 shows how the objective and sensitivities are

estimated within a single optimisation iteration of the PLT method. After estimating
these, the PLT method updates the design variables using MMA, like in Algorithm 5.1.
The notation used in this pseudocode is similar to the notation used in Algorithm 3.1.
However, there are some important differences which are explained below.

Algorithm B.1 Single step of the Parallel Local-in-Time method

1: {The following loop is executed in parallel by Nτ processors.}
2: for n = 0, . . . Nτ − 1 do
3: ûM ·n+1 ← Hpri(τn,un).
4: for j = M · n+ 1 . . .M · (n+ 1)− 1 do
5: ûj+1 ← Hpri(tj , ûj).
6: end for
7: θn ←

∑M ·(n+1)
j=M ·n+1 Fj(ûj ,χ)∆t.

8: v̂M ·(n+1) ← Hadj(τn+1,vn+1).
9: for j = M · (n+ 1) . . .M · n+ 2 do

10: v̂j−1 ← Hadj(tj , v̂j).
11: end for
12: gn ←

∑M ·(n+1)
j=M ·n+1

(
∂Fj

∂χ ∆t− 1
Nt

v̂T
j
∂rj
∂χ

)
.

13: end for
14: for n = 0, . . . Nτ − 1 do
15: un+1 ← ûM ·(n+1).
16: vn ← v̂M ·n+1.
17: end for
18: Θ←

∑Nτ−1
n=0 θn.

19: ∇Θ←
∑Nτ−1

n=0 gn.

As mentioned in Section 6, the vectors u and v do not contain the cumulative
objectives, θ, nor the cumulative sensitivities, g, in the context of the PLT method.
As such, u and v are simply defined as un = TM ·n and vn = λM ·n+1 in the context
of the discretisations considered in this paper. Additionally, v̂j denotes an estimate
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of the adjoint state vector at the time tj , similarly to how ûj denotes an estimate of
the state vector at tj . As such, ûj = Tj and v̂j = λj in the considered context.

For the PLT method, the propagators Hpri and Hadj should not process the
cumulative objectives and sensitivities, since u and v do not contain these in the
context of the PLT method. Therefore, for the PLT method, these propagators are
identical to Algorithm 3.2 and Algorithm 3.3, except Line 2 is removed in both of
these algorithms.

In Algorithm B.1, θn and gn do not denote the cumulative objectives and sensitiv-
ities which were defined in Equation (3.11) and Equation (3.15). Instead, θn denotes
the objective that is accumulated in the time interval [τn, τn+1]. Likewise, gn is the
sensitivities accumulated in the time interval [τn, τn+1].

The PLT method described in [28] assumes that the objective is of the following
form:

Θ =

Nt∑
j=0

Fj(ûj ,χ)∆t,(B.1)

where Fj is a sequence of given functions. This is the sequence of functions which
appear in Line 7 and 12 of Algorithm B.1. Additionally, rj denotes the residual
associated with the time step between tj−1 and tj . For example, for the discretisation
used in this paper, rj is the following:

rj = C
Tj −Tj−1

∆t
+KTj − qj .(B.2)

Also, the factor 1/Nt which appears in Line 12 does not appear in the original PLT
method proposed in [28], but it is included in Algorithm B.1 to make it consistent
with Equation (3.7).
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