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Abstract

Implementing free-slip boundary conditions in density-based topology opti-
mization presents several unique challenges. Firstly, the method lacks an
explicit representation of solid-fluid interfaces, making the enforcement of
boundary-specific conditions non-trivial. Secondly, defining the normal vectors
required for applying free-slip conditions is not straightforward in a diffuse
domain description. In this study, we propose an approach to incorporate
free-slip boundary conditions into density-based topology optimization by
enforcing zero tangential viscous stresses along the walls. This effectively elimi-
nates wall shear stresses, diminishing the influence of viscous terms on pressure
loss and enhancing the importance of inertial effects. The effectiveness of the
proposed method is demonstrated through a series of benchmark problems,
including short and long double-pipe configurations, where no connection
forms between the pipes, and a bending pipe case, where curvature naturally
emerges in the optimized design even for a low Reynolds number. Additionally,
a Tesla valve is investigated, revealing a significantly different geometry under
free-slip conditions compared to the traditional no-slip scenario. The results
highlight the dual significance of the free-slip boundary conditions: not only
are they physically relevant for applications such as microfluidics, biomedical,
and super-hydrophobic surfaces, but they also yield designs that resem-
ble those expected in inertia-dominated, high-Reynolds-number flows. These
findings suggest that incorporating slip boundary conditions in topology opti-
mization enables a broader and more realistic topology optimized design space.

Keywords: Topology Optimization, Fluid dynamics, Free slip, Tesla Valve, Implicit
Boundary Representation, Design Variable Gradient, Density-Based Method.
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Nomenclature

Da Darcy number
RMSE Root Mean Square Error Per- Re Reynolds number

centage P Wall intensity

TO Topology Optimization ) Density
Subscripts o Viscous stresses
€ Element PG Stabilization parameter
f Fluid domain G Gradient normalization parame-
in Inlet ter
max Maximum Vv Volume
out Outlet %) Filtered-projected design vari-
s,f Solid fluid interface able
S Solid domain h Characteristic mesh element size
wall Wall L Characteristic length
min Minimum N Number of nodes

P Pressure
« Inverse permeability qa Brinkman interpolation expo-
B8 Projection steepness parameter nent
n Unit normal vector Ry PDE filter radius
u Velocity vector Ry Second PDE filter radius
w Test function vector U Characteristic velocity
n Projection threshold Superscripts
04 Design variable - Projected
[t Fluid-solid interface ) Filtered
I Viscosity ex Explicit
vcw Crosswind stabilization viscos- Average

ity T Transpose

Q Domain % Index

1 Introduction
1.1 Motivation

In density-based topology optimization, there is no explicitly defined wall, unlike
for level-set methods. This lack of a clear boundary presents a significant challenge
when attempting to apply complex boundary conditions. In this work, an approach
is introduced for fluid problems, enabling the modification of boundary conditions
to a free-slip boundary condition - meaning that there is no viscous friction at
the wall. We introduce an approach for applying free-slip boundary conditions to
fluid flow governed by the Navier-Stokes equations, in contrast to previous work for
rarefied gas (Sato et al., 2019; Guan et al., 2023; Guan and Yamada, 2024) based
on the Boltzmann equation and similar.
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Accurately modeling uid boundary interactions is crucial in various applications,
such as micro uidics, where proper boundary conditions signi cantly in uence ow
behavior. Slip boundary conditions are widely used in several contexts (Netat
al., 2005), including micro uidics (Beebe et al., 2002; Li et al., 2024; Kumar et
al., 2025; Yu et al., 2025), wetting phenomena (Zhang and Zhao, 2024; Wet al.,
2025), porous media (Kandavelu and Tlau, 2024), hydrophobic and solvophobic
surfaces (Boehnkeet al., 1999; Skvortsovet al., 2024; Vankudre and Alvarado, 2024;
Vakarelski et al., 2025), and bearing lubrication (Cam et al., 2023). Moreover, it
represents an important step toward advancing the fundamental understanding of
ow physics in biological processes (Beebet al., 2002). 10
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1.2 Literature 1

Topology optimization is a computational methodology used to determine the opti- 1
mal material distribution within a de ned design domain, governed by physical s
laws and boundary conditions. The objective is to maximize or minimize specic 1
performance criteria while satisfying given constraints. 15

This method often produces free-form geometries, which can inspire innovative 1
design directions and prompt a reevaluation of existing engineering solutions in
future applications. Originally introduced in the context of structural mechanics s
by Bends e and Kikuchi (1988), the method has since been applied to a broad spec- 1
trum of engineering problems, including uid mechanics, heat transfer, acoustics,
nanophotonics, and biomechanics (Deaton and Grandhi, 2014). 2

1.2.1 Fluid topology optimization 2

Fluid topology optimization was rst introduced by Borrvall and Petersson (2003) 2
for problems governed by the Stokes equations. The method was subsequently 2
extended to the Navier{Stokes equations by Gersborg-Hanseert al. (2005). More 2
recently, topology optimization has been applied to a more complex ow scenarios 2
and models, such as: cavitation resistance (Butleret al., 2025); compressible u- 2
ids (S et al., 2024; Garcia-Rodriguezet al., 2025); two-phase ow (Yoon, 2024); s
turbulence using alternative models (Alonsoet al., 2022; Wu and Zhang, 2024); 2
super-hydrophobic surfaces (Nobiset al., 2023) and roughness elements (Nobist
al., 2025). For a comprehensive overview of and introduction to topology optimiza- =
tion applied to uid problems, readers are referred to the review by Alexandersen 2
and Andreasen (2020) and the educational paper by Alexandersen (2023). Existing s
studies have predominantly focused on the no-slip boundary condition in uid- 2
based topology optimization, and, to the best of the authors' knowledge, none of s
them have applied the slip boundary condition for Navier-Stokes ow. 3

@

1.2.2 Use of spatial design gradient %

The use of the spatial gradient of the design variable in topology optimization s
was rst introduced by Petersson and Sigmund (1998), who proposed a slope con- s
straint to ensure the well-posedness of the optimization problem. This concept was
further investigated by Borrvall (2001), providing a deeper theoretical understand-
ing. Building on three- eld (design, Itered and projected) topology optimization 2
(Guest et al., 2004; Sigmund and Maute, 2013), Clauseet al. (2015) implemented 4
a second Iter on the design variable to identify the interface with a certain thick-
ness and facilitated the topology optimization of coated structures, where distinct s



Bayat, A., Li, H., and Alexandersen, J. 4

coating layers are de ned separately from the porous in Il. This approach was later
extended to three-dimensional problems by Clausemet al. (2017) with many papers
building on the general methodology, see e.g. (Luet al., 2019; Yoon and Yi, 2019;
Chu et al., 2020; Hu et al., 2024). Furthermore, Hghj et al. (2020) introduced
an approach to distinguish two uid domains and their solid interface using the
coating approach.

o g A W NP
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In the context of additive manufacturing, Qian (2017) proposed an approach
using the spatial design gradient for controlling undercut and overhang angles and s
extended it to surface roughness (Wanget al., 2019) by utilizing the surface normals o
and the gradient of the design variable. Building on the implicit boundary con- 1
cept, Wang and Qian (2020) introduced a method for including design-dependent 1
boundary loads, combining the spatial design gradient with an auxiliary density 1
eld. Their approach was implemented in various physics problems, including heat 13
conduction, linear elasticity, and thermoelastic problems. A similar methodology 1.
was presented by Lazarowet al. (2014). The use of the spatial design gradient for s
design-dependent boundary conditions is related to the use of density-jumps, which s
has been used for convective heat transfer (Alexandersen, 2011; Zheu al., 2016) 1
and recently for visco-thermal losses (Mirpourian and Aage, 2025). 18

1.2.3 Works related to slip boundary conditions 19

To this date, slip boundary conditions have only been presented for topology opti- 2
mization in the context of rare ed gas ow, using the Boltzmann equation (Sato et =«
al., 2019), direct simulation Monte Carlo (DSMC) (Guan et al., 2023), and the dis- 2
crete velocity method (DVM) (Guan et al., 2023). All of the above present results 2
with varying slip based on the Knudsen number. Somewhat related, Katsunoet 2
al. (2020) presents an approach to optimize regions of super-hydrophobic surfaces s
using a slip formulation on explicitly de ned walls. However, it appears that no
work has previously treated the application of topology optimization with free-slip
boundary conditions for ow governed by the Navier-Stokes equations. 28

While the proposed method is conceptually similar to immersed boundary 2
approaches, the enforcement of free-slip boundary conditions is non-standard. Often =
a smoothed Dirac delta function is used to impose a forcing along the boundary, s
which is very similar to using the design gradient. For instance, Kempeet al. (2015) 2
imposes the free-slip boundary condition on bubble surfaces. 3

pued

1.3 Contribution a4

This paper introduces an approach for applying free-slip boundary conditions to s
uid ow governed by the Navier-Stokes equations. To achieve free-slip boundary s
conditions within uid-based topology optimization, the spatial gradient of the a7
design eld is used to represent and de ne the wall, as well as the normal vector s
to the wall, for the formulation of the free-slip condition. Topology optimization s
of uids with free-slip boundary conditions has not yet been demonstrated in the 4
literature. As such, the presented methodology o ers a novel contribution to the «
eld. 42
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1.4 Paper layout 1

N

First, Section 2 discusses the formulation of the governing equations, together with
the explanation of di erent stabilization techniques, including PSPG, SUPG, and
crosswind stabilization. Section 3 presents the numerical solver, discretizations,
nite element formulation, and the corresponding weak forms, followed by valida-
tion of the formulation. The optimization test cases, including the short and long
double pipe, the bending problem, and the Tesla valve, are presented in Section 4.
Finally, the conclusions are summarized in Section 5. 8

w

IN

o

o

~

2 Formulation o

In this section, we detail the governing equations as well as the mathematical and 1o
physical framework. First, the governing equations for the uid ow are introduced
in Section 2.1, followed by the implementation of the free-slip boundary condition 1
on an explicit wall in Section 2.1.1. An explanation of the topology optimization 13
variables is given in Sections 2.1.2 and 2.1.3, and the formulation and implementa- 1
tion of the free-slip boundary condition on implicit walls is discussed in Section 2.2, s
Afterwards, in Section 2.3, the volumetric penalty term for the free-slip implemen-
tation is described, and in Section 2.4, the nite element formulation with dierent 7
stabilizations, including PSPG, SUPG, and crosswind stabilization, is presented. In 1
Section 2.5, the validation of the implicit wall is discussed, followed by Section 2.6, 1
where other approaches for implementing the free-slip boundary condition are out-
lined. The section concludes with Section 2.7, where the topology optimization -
formulation is presented. 2

=

2.1 Incompressible laminar uid ow 2

A two-dimensional, steady-state, non-dimensional laminar ow is considered under 2
the assumption of constant uid properties (i.e., incompressible uid). First, we

introduce the following non-dimensionalizations: 2
u p X
u = — = —: X = —
u’ P u?’ L’

whereu =[uy;uU,]” is the velocity vector, p is the pressure eld, x is the coordinate 2
vector, denotes dimensionless quantitieslJ and L are the characteristic velocity
and length, respectively, and is the mass density of the uid. The balance of linear 2
momentum in non-dimensional form, in a two-dimensional domain, reduces to the s
following equation, known as the non-dimensional Navier{Stokes equations (after =

dropping the notation): 2
(u rJu+r ir ru+ru> f =0 1)
P Re N
where Re is the Reynolds number de ned as: 3
Re= & (2)
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Fig. 1 : As illustrated in the gure, the governing equations are solved within the
domain, where a parabolic velocity prole is imposed at the inlet, and a zero-
pressure with a straight out velocity is imposed at the outlet.

Incompressibility of the uid is accounted for by the continuity equation, as follows: 1
r u=0 (3)

which ensures mass conservation within the domain. An example of the boundary -
conditions applied in the Navier{Stokes equations is illustrated in Fig. 1, where a s
parabolic velocity pro le is prescribed at the inlet, a zero-pressure condition with 4
a straight out velocity is imposed at the outlet, and no-slip or free-slip boundary s
conditions on all other outer boundaries. 6

2.1.1 Free-slip boundary condition formulation on an explicit wall 7

A free-slip boundary condition is considered on an explicit wall 4 . Free-slip s
boundary conditions mean that on 4, there is no tangential resistance on the
ow. As a result, the tangential stress components at the explicit wall are zero. 1w
However, the explicit wall still prevents penetration of the uid, meaning that the 1
velocity component normal to the wall must be zero. The tangential component 1
of the stresses exerted by the viscous stress tensor should be zero on the explicits
wall (Verfurth, 1986; Rao and Rajagopal, 1999), which can be expressed as follows: 1

n nNn n=0 on wall (4)
where is the uid viscous stress tensor de ned as: 15
1 >
= - ru+ru 5
Re ®)

In Eq. (4);n> represents the viscous stresses on the wall, anch®> n n corre-
sponds to the normal component of the viscous stresses on the wall. By subtracting 1
the normal component from the total, the remaining term represents the tangential 1
viscous stresses on the wall, which should be zero to satisfy the free-slip boundary
condition. 20

Eq. (4) represents an additional condition that must be incorporated into the =
Navier{Stokes equations to accurately describe free slip at the wall. However, in 2
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(a) Continuous design variable eld, . (b) Explicit wall representation.
Fig. 2 : lllustration of design representation in density-based topology optimization:
(a) continuous  eld, (b) explicit wall con guration. In density-based topology
optimization. ; denotes the uid region, s the solid region, and intermediate
values represent gray areas used in the optimization.

density-based uid topology optimization, the implementation of this equation
requires knowledge of the wall and the normals to the wall. The main novelty of -
this paper is to appropriately de ne implicit walls and normals to the wall and 3
implement the free-slip boundary condition in density-based topology optimization. 4

i

2.1.2 Design variable 5
To perform density-based topology optimization, a continuous design variable eld &
is introduced as shown in Fig. 2 and de ned as: 7
8
21 ifx2 ¢
= 0 ifx2 ¢ (6)

C(0:1) ifx2 n(s[ 1)

Ideally, the design variable should attain only binary values (O for solid and 1 for s
uid) with no intermediate values. However, in density-based topology optimiza- s
tion methods, the presence of grayscale (intermediate values) is often inevitable 1o
to some extent at the interface, as illustrated in Fig. 2a. In contrast to level-set
methods, where interfaces can be sharp if proper discretisation methods are used, 1
the density-based approach allows the design gradient to change continuously from 1z
solid to uid. 14

2.1.3 Filter and projection 15

To ensure well-posedness of the optimization problem, it is common practice in 1
topology optimization to apply a Itering technique to regularize the design eld 17
and address two major numerical issues (Bends e and Sigmund, 2004): checker- s
boards and mesh-dependent designs. Since checkerboards are not generally an issug
in uid topology optimization (Borrvall and Petersson, 2003), we introduce them
mainly to ensure mesh-independent designs and also to identify the interface. In «
this work, a partial di erential equation (PDE) based lIter (Lazarov and Sigmund, 2
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2011) is employed as follows: 1

2

R
r Tér’\ +A = 7

where R; denotes the lter radius, is the design variable and “represents the I-
tered design variable. Applying the Iter leads to intermediate values in the design
variable, deviating from a binary distribution. To address this, a projection tech-
nigue (Guestet al., 2004) is employed and a new physical design eld representing
the structure is introduced, ' , to drive the design eld back towards 0 and 1. In this
work, a smoothed Heaviside projection is utilized for calculating Itered{projected
design variable,' , de ned as follows (Wanget al., 2011):

© N o 0 A~ W N

_ tanh( )+tanh( (* )

“tanh( )+tanh( (1 ) ®)

where denotes the steepness parameter, where a higher value results in a sharpers
transition, making the projection resemble a step function. The parameter denotes 1w
the threshold, determining the location within the domain at which the projection

=

transitions from 0 to 1. 12
2.1.4 Brinkman penalty term 13
A volumetric force term is introduced to the Navier-Stokes equations to represent 1
the e ect of solid material on the uid ow, formulated through the Brinkman 15
penalty term: 16
f= u 9)
Here, s the inverse permeability, which depends on the design variable, and it 1
is de ned as: 1 18
= ——;and 10
max 1+ q ' ( )
where max = ﬁ is the maximum allowable value of the Brinkman penalty 1

parameter, tied to the Reynolds number (Re) and the Darcy number (Da), rep- =
resenting the dimensionless permeability. The parameterq is the Brinkman =«
interpolation exponent, which governs the shape of the interpolation function used =
in the penalization scheme. 2

This formulation penalizes the uid ow in solid regions by driving the velocity 2
toward zero (or a very small value), while having a negligible e ect in the uid =
regions. As a result, the Brinkman term approximately imposes a no-slip condition 2
in the solid regions of the domain. 27

In uid topology optimization, it is a common practice to adopt a continuation 28
strategy for the Brinkman penalty interpolation exponent q . Speci cally, starting 2
the optimization with a relatively large g , and gradually reducing it during the
optimization process, has been shown to help the optimizer avoid getting trapped =
in poor local minima (Alexandersen, 2023). A higher initial g permits greater =
uid penetration through the domain and promotes convergence to better optimal s
designs. 3



Bayat, A., Li, H., and Alexandersen, J. 9

2.2 Implicit wall free-slip boundary condition formulation 1

In this section, we present a methodology for modifying boundary conditions and -
implementing free-slip boundary conditions within density-based topology opti- s
mization frameworks. The approach enables the treatment of free-slip boundary
conditions. This method is particularly advantageous when explicit walls are not s

well-de ned, o ering the exibility to impose appropriate physical constraints 6
indirectly through the design eld. 7
2.2.1 Second lter 8

A second ltering step is introduced to achieve two primary objectives. First, it 9
ensures that the projected design variable is su ciently smooth, facilitating accu- 1
rate spatial gradient computations, and aiding convergence of the nonlinear solver. u
Second, it decouples the wall de nition process from the main formulation. This 1
separation enables the use of a distinct Iter radius for de ning the wall location, 13
thereby o ering enhanced control over wall-related parameters. A second ltering 1
originated for boundary identi cation in the works of Christiansen et al. (2015) to s
control boundary variations and Clausenet al. (2015) to de ne a coating layer. 16

For the second lIter, the same PDE-based Itering technique is employed as in
the rst step. However, the lter radius is chosen independently. The rst lter 18
was introduced in Section 2.1.3, while the formulation for the second lter is given 1
below: 20
r &r A A (12)
12
whereR; denotes the second lter radius,' is the ltered and projected design vari- 2
able obtained as the solution of Eq. (8), and' “represents the second lItered design =

variable. By solving Eqg. (11), the second ltered design variable' 7is obtained. 2
2.2.2 Representation of the uid-solid interface and 24
corresponding normal vector 25

To realize the boundary condition described in Eq. (4), two components are needed: 2
() the wall location i ; (2) the normal vector n towards the domain . We =
propose using the gradient of the second ltered design variable, denoted ds, %0 2
compute and identify both. 29

Since '~ transitions smoothly between solid and uid regions, the magnitude of =
this gradient re ects how sharp the transition is, and regions with the steepest a
gradients are most representative of the wall interface. To identify the wall using =
these regions, we introduce the wall intensity eld, , which is de ned as follows:

iir i,
max Gmax

(12)

wherejjr "Vjj, is the 2-norm of the spatial gradient of the second ltered design eld. =
The parameter max represents the maximum wall intensity, which is used as a s
penalty formulation for the boundary condition as will be described in Section 2.3,
providing control over how strongly the interface condition is imposed. Meanwhile, s
Gmax is used to normalize the gradient, ensuring that the wall representation s
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remains consistent and well-scaled independent of mesh size. For a standard regu- :
larized interface with thickness controlled by R,, the maximum gradient magnitude
is de ned by Clausenet al. (2015) as: 3

p

wl

As "M transitions smoothly between solid and void regions, again the gradient indi- 4
cates the direction of the steepest change, e ectively providing an approximation s

of the normal direction to the wall. The formulation of the unit normal vector, 6
n =[ng;n,]”, is as follows: 7
r '
n")= —— 14
M= (14)

The di erence to previous work for other applications, e.g. (Lazarov et al., 2014;
Qian, 2017; Wang and Qian, 2020), is that we are using the second ltered design o
eld, ~, rather than the ltered, ~ , or projected,’ design elds. This allows usto 1
better control the quality of the eld that is used for the normal vector computation, 1
which, in our experience, has a great impact on the convergence of both the ow 1
and optimization solvers. 13

Using the above method, it becomes possible to de ne the location, intensity, 1
and the normals for the boundary interface. In contrast to traditional engineering s
approaches that rely on well-de ned wall locations and explicitly known normals, s
this formulation allows for a continuous and implicit representation of both the
boundary and its orientation. The complete procedure of de ning the wall and its s
normals is illustrated in Fig. 3, and an example of the computed wall and its normal 1
vectors, based on this method, is shown in Fig. 4. 20

2.3 Volumetric penalty formulation for free slip 2

To impose the free-slip conditions on walls implicitly de ned through Eq. (12), the =
following volumetric penalty term will be added to the weak form of the Navier- 2
Stokes equations: Z 2

(n) (n”n)n wdv=0 (15)

wherew is the test function for velocity, is the wall intensity de ned by Eq. (12),
and n is the normal to the wall as de ned by Eq. (14). This penalty term will 2
be coined the implicit wall slip boundary condition. This term acts to drive the  »
tangential stresses toward zero in the vicinity of the wall and represents the wall 2
e ect in the weak form of the equation. 29

2.4 Finite element formulation %0

To solve the governing equations, the continuous Galerkin nite element method =
is employed using Lagrangian shape functions with linear interpolation ( rst-order =
elements) for all state variables. To enhance the numerical stability of the solution, s
Pressure-Stabilizing Petrov{Galerkin (PSPG), Streamline Upwind Petrov-Galerkin 24
(SUPG), and crosswind stabilization techniques are applied. The PSPG stabiliza- s
tion is necessary to avoid spurious oscillations in the pressure eld due to the s
equal-order interpolation of velocity and pressure. The SUPG stabilization is added =
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Fig. 3: Schematic of the wall and the de nition of normals using a double Iter
operation.

Fig. 4 : Visualization of the wall intensity, , and its corresponding normal vectors,
computed from the gradient of the second Itered design variable'  The normal
vectors indicate the direction of the steepest transition between solid and void
regions, while the wall is represented by the areas where this transition is strongest,
identi ed through normalization of the gradient magnitude.

to avoid spurious oscillations of the velocity in the streamline direction. Lastly, the
crosswind stabilization introduces controlled di usion in the direction perpendicu-
lar to the ow to avoid oscillations in the velocity eld due to sharp gradients in
the wall-normal direction.
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The resulting weak form for the continuity and momentum equations given by 1

Egs. (1), (3) and (15) are: 2
Y4 Y4 1
(u r)u wdv+ %rw:ru+(ru)> dv
Z Z Z
(r w)pdv+ w udVv g u dv
Z
+ w (n) (n”n)n dv
4
+)Q pelf 4 (U r)u+rp+ u+ n (> n)n dv (16)
e=1 e
xe £
+ pc(W r)u (u r)u+rp+ u+ n (n” n)n dv
e=1 e
xe Z
+ cwlf w” :((n n) ru) dv=0
e=1 e
P, . . )
where = -1 e represents the computational domain decomposed intae

element domains ¢, the functions w = [wy;w,]> and q are the test functions
corresponding to the momentum and continuity equations, respectively. pg is the
stablization parameter for the PSPG and SUPG stabilization(Alexandersen, 2023),
de ned as follows:

N~ o o &~ W

po =( 12+ g7+ 40+ 5 7 (17)
with: H he L Re h 8
e
= : = —; = —; = 18
1 Jﬁiz AT 37 15 4 5 (18)

where 5 has been added to accommodate the new penalty term for the free-slip o
interface condition. Notice also that the interface condition has been included in 1
the strong form, weighted by the stabilization parameters and augmented test u
functions. 12

The ninth term in Eq. (16) corresponds to a crosswind stabilization, where arti cial 13
di usion is added in the normal direction of the geometry. This has been added to 14
reduce velocity oscillations in the normal direction, due to the very sharp gradient s
obtained due to the Brinkman penalty inside the solid and the free-slip condition 16
(non-zero tangential velocity) at the interface. cw is the crosswind stabilization 17

viscosity and is de ned as: 18
cw =max( pc; srink ) (19)

where h krk uk,k,h ) 1h () ’
°C = SUn kuk, | (KukTec = 5o (20)

where pc is a slightly modi ed version of the discontinuity capturing viscosity 2
from the work of (Rispoli et al., 2007, Egs. 19 and 20) (one reference velocity set 2
to the local velocity and the other set to the inlet velocity, Ujy), and pgink iS @ 2
parameter empirically de ned to stabilize more inside the solid than in the uid 2
region. 24
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(@ R2 = hmax (b) R2 =6 hmax

(€) R2 =12 hpmax
Fig. 5: This gure illustrates the impact of varying second Iter radius R,.

2.5 Veri cation of implicit wall free-slip implementation

In this section, we rst discuss the parameters that need to be tuned to obtain
a high-quality solution in section 2.5.1. Then, the approach for numerically com-
paring the results with the explicit wall slip boundary condition is presented in

1

2

3

4

Section 2.5.2, and the associated error is investigated in Section Section 2.5.3, and s
in Section 2.5.4 the mass balance has been checked. Finally, in Section Section 2.6,

alternative approaches for implicit wall free slip are discussed.

2.5.1 Parameters for implicit slip simulation

In the simulation and optimization of the implicit wall, two key parameters must
be considered: the second lIter radiusR, and the wall intensity ax. The second
Iter radius primarily in uences the wall thickness, as illustrated in Fig. 5. On the
other hand, max directly controls only the maximum magnitude of the wall.

2.5.2 Root Mean Square Error (RMSE) percentage

To ensure a valid comparison between the conventional explicit wall free-slip bound-
ary condition and the proposed implicit free-slip boundary condition method, it
is essential to achieve accurate velocity predictions throughout the entire domain.
The Root Mean Square Error (RMSE) metric is employed to quantitatively assess
the accuracy of the velocity eld obtained from both approaches. The comparison
is conducted using a channel within a square domain benchmark featuring a uni-
form velocity inlet and a zero pressure outlet, as shown in Fig. 6. This geometry
includes both a straight channel segment and two sharp bends, making it a suitable
and representative con guration for evaluating the robustness and accuracy of the
proposed implementation.
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Fig. 6 : Schematic of the geometry used for validating the proposed method for
implementing the free-slip boundary condition. A uniform velocity is applied at
the inlet, and zero pressure is set at the outlet. The yellow domain, where =1,
represents the uid region with zero volumetric force, while the blue domain, where

= 0, corresponds to the solid region where the maximum Brinkman penalty max
is applied as a volumetric force.

The root mean square error (RMSE) between the velocity eld with the implicit 1
wall boundary condition and the explicit wall boundary condition is computed as: -

\
u

1 X A L2 A o2
RMSE = © = u? uf® e ) @ (21)
i=1

In this equation, u(li) represents the implicit velocity component in the x;-direction s
at the i-th point, and u(zi) represents the corresponding component in thex,- 4
direction. The variables u$" and ug" denote the explicit (reference) velocity s
components in the x;- and x,-directions at the same pointi, obtained using an &

explicit wall. The variable N refers to the total number of points in the computa- -

tional domain over which the comparison is made. 8
To make the RMSE dimensionless and express it relative to the scale of the reference s
(explicit) velocity eld, we de ne a normalized RMSE as follows: 10
RMSE

RMSE% = o 100 (22)

where the average magnitude of the explicit velocity eld is given by: 1
r
X 2 N
4o = Ni T U0 (23)

i=1

Here, u®* represents the mean magnitude of the explicit velocity vectors across all 12
N points. The normalized RMSE expressed in percentage form provides a relative 13
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Table 1 : Root Mean Square Error (RMSE%) in the velocity pro le for di erent
Reynolds numbers Re comparing the implicit wall boundary condition and the
explicit wall slip condition.

Re R2 max RMSE%

1 2:5172hmax 681 5:5936
10 2:5172hmax 681 5:7362
100 2:5172hmax 805 5:5229

measure of the error between the implicit and explicit solutions, making it easier
to interpret the quality of the numerical approximation.

2.5.3 Validation of implicit wall method

The velocity eld obtained from the implicit wall slip method on the uid domain is
compared with the explicit wall formulation for Reynolds numbers 1, 10, and 100.
The RMSE% is found to be approximately 5% for the maximum wall intensity yax
and second lter radios R, parameters listed in Table 1. Also, the corresponding
velocity pro le comparisons are presented in Fig. 7.

For a more comprehensive comparison between the implicit and explicit wall rep-
resentations, the horizontal and vertical velocity pro les are plotted in Fig. 8. The
results highlight two main sources of error in the implicit wall formulation: (i) its
continuous nature, which inherently introduces a transition region between zero
velocity and nite velocity, and (ii) the choice of parameters, particularly the sec-
ond lter radius R3, which governs the thickness of the implicit wall, and the wall
intensity parameter . Nevertheless, Fig. 8 demonstrates that with appropriate
parameter selection, the associated error remains small.

In order to minimize the deviation from the explicit wall representation, it is nec-
essary to select appropriate values for the second Iter radiusR, and the wall
intensity parameter . The second Iter radius, which governs the thickness of
the implicit wall, should be chosen as small as possible, while the wall intensity
should be as large as possible to mimic the free{slip boundary condition, where the
tangential viscous stresses vanish exactly at the wall.

However, achieving this in practice is challenging due to two main factors: the

limitations imposed by mesh resolution and issues related to numerical convergence.

To address this, a parameter sweep was carried out to systematically investigate
the inuence of R, and on the velocity distribution. For each case, RMSE%
values were computed, with results summarized in Fig. 9. The analysis shows that,
for a given Ry, there exists an optimal maximum wall intensity 5« that most
closely reproduces the explicit free{slip solution. Currently, this must generally be
computed empirically by trial-and-error.

Furthermore, for a constant second lter radius R,, deviations from the optimal
max @ ect the boundary condition representation: smaller o Vvalues result in

behavior resembling partial-slip conditions, while larger nax Vvalues lead to an

over-enforced free{slip condition and consequently an inaccurate velocity pro le.

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34



Bayat, A., Li, H., and Alexandersen, J. 16

(@ Re=1 (b) Re =10

(c) Re = 100
Fig. 7 : Velocity pro les and streamlines (represented by stream arrows) comparison
for the slip boundary condition with explicit wall (left) and implicit wall (right)
under uniform velocity inlet and zero pressure outlet. Results are shown for: (a)
Re =1, (b) Re =10, and (c) Re = 100.

2.5.4 Checking mass balance and wall leakage at the implicit 1
wall with free{slip boundary Condition 2
To verify the accuracy of the free{slip boundary condition implementation, both 3
mass balance and normal{velocity leakage at the implicit wall are evaluated. 4
First, the mass balance is checked by comparing the volumetric ow rates at the s
inlet and outlet. The relative mass imbalance is de ned as 6
jQin Qoutj
Ml = ——————= 100 24
JQinJ ( )

where Qj, and Qq,t denote the integrated ow rates across the inlet and outlet 7
boundaries, respectively. In the case of the free{slip boundary condition, the mass s
imbalance isM1 =0:19178 %, while for the no{slip boundary condition it is Ml = 9
0:71776 %. These values indicate that the mass balance is maintained within an 1
acceptable range and that the free-slip implementation actually produces a lower u
imbalance for this particular case 12

Secondly, to evaluate the velocity leakage through the implicit wall, we introduce 13
both a scalar measure of the leakage magnitude and a vector representation of 1.
the leakage direction. The scalar leakage quanti es the normal velocity component s
penetrating the solid region, while the vector leakage highlights the corresponding s
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(a) Vertical mid-line X1 = L1=2 (b) Velocity pro le along the vertical mid-line for Re =
100.

(c) Horizontal mid-line Xz = Lo=2 (d) Velocity pro le along the horizontal mid-line for Re =
100.

Fig. 8 : Velocity pro le along the horizontal and vertical mid-plains. A comparison
between the free-slip implicit and explicit wall results for Re = 100.

ux direction along the wall normal:

fleax = —— n7u ; (25)

max

fleak = fleakn; (26)
These de nitions capture both the scalar magnitude of the leakage and its direc-
tional distribution. The normalized Brinkman coe cient, ——, is used to only
evaluate the leakage inside the solid regions.

Visualizations of the leakage distribution and corresponding vectors Fig. 10 con rm
that the free{slip boundary condition e ectively minimizes velocity penetration
across the implicit wall. The leakage remains localized and of negligible magnitude.
In fact, the leakage is smaller than for the equivalent no-slip case, which is likely
due to the fact that the ordinary Brinkman penalty tried to kill both velocity
components, whereas the free-slip implementation lets the tangential component
remain free.

2.6 Note on other approaches for implicit wall free slip
enforcement

In addition to the proposed method, the authors also explored other alternative
strategies for implementing the slip boundary condition. One approach involved
activating the Brinkman penalty term exclusively in the wall normal direction,
while deactivating it in the tangential direction. However, this method proved
ine ective because signi cant ow passed through the \solid" domain, severely
impacting the accuracy of the slip velocity.

10

11

12

13

14

15

16

17

18

19

20



Bayat, A., Li, H., and Alexandersen, J. 18

(@) Re=1 (b) Re = 10

(c) Re = 100
Fig. 9 : lllustration of the e ect of varying secound lter radius, R, and maximum
wall intensity value, max, On the Root Mean Square Error Percentage (RMSE%).

(a) Visualization of wall leakage for the no{slip case (b) Visualization of wall leakage for the no{slip
case

Fig. 10 : Visualization of the velocity leakage formulations Eqgs. (25) and (26) at
the implicit wall. The color contours derived from Eq. (25) represent the scalar
leakage magnitude, where positive values (red) indicate outward ux from the uid
domain into the solid region and negative values (blue) indicate inward ux from
the solid to the uid domain. The black arrows correspond to the leakage vector
from Eq. (26), illustrating the local direction and relative intensity of the leakage.
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A second approach aimed to apply the slip boundary condition expressed in Eq. (4)
through integration-by-parts, similar to what is done for uid-structure interaction
topology optimization (Yoon, 2010; Lundgaard et al., 2018). While this method
yielded promising results in simulation cases, it is not e ective in the context of
topology optimization due to challenges related to the convergence of the solvers
for the weak form equations.

o o A W N e

2.7 Optimization problem formulations 7

Firstly, a single objective optimization problem is formulated to minimize the 8
pressure drop, subject to a volume fraction constraint that limits the total uid 0
volume to a prescribed maximum. This problem is introduced to benchmark the 1o
implemented free-slip boundary condition compared to well-known results from the u
literature for no-slip boundary conditions (Borrvall and Petersson, 2003; Gersborg- 12
Hansen et al., 2005; Alexandersen, 2023). The formulation of the optimization 1
problem is as follows: 14

z
min f( (x);p) = pds
(O " 7

subjectto ' ( (x)dV Vi 1 dV @7

0 '"((x) 1 8x2

wheref ( ;p) denotes the objective function to be minimized andV; is the volume s
fraction allowed to be uid. The reason for choosing the pressure drop as the objec- 1
tive, rather than the commonly-used dissipated energy (Borrvall and Petersson, 1
2003), is that the contribution from the Brinkman term completely dominates the s
viscous part for free-slip boundary conditions, since there exists no boundary layer. 1o

Secondly, we introduce an additional example to design a so-called Tesla valve 2
(Tesla, 1920; Pingenet al., 2008), the objective is to maximize the ratio of the =«

backward pressure drop to the forward pressure drop without a volume constraint: 2

z

min f ( (X)) - Prorward ( (X)) ds
(x) 7 in pbackv?rd ( (X))

subject to "((x)dv Vi 10V (28)

0 "((x)) 1 8x2

3 Numerical topology optimization solver 2

For the implementation of topology optimization for Navier-Stokes equations with 2.
implicit free-slip boundary conditions, COMSOL Multiphysics 6.3 is employed 25
(COMSOL, 2025b). The governing equations are implemented in their weak form 2
using the Weak Form PDE interface. Linear Lagrangian shape functions are used =
for the discretization of all elds, including the design eld, and the initial velocity 28
eld is set to zero throughout the domain. 29

The weak form of the coupled equations, which include both uid ow and topology =
optimization variables, is solved using COMSOL's segregated stationary solver. The =«
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(a) Short double-pipe (b) Bending channel

(c) Long double-pipe

(d) Tesla valve
Fig. 11 : Schematics of the three topology optimization problems studied: Fig. 11a
short double-pipe, Fig. 11b bending channel, Fig. 11c long double-pipe, and Fig. 11d
Tesla valve. Each domain contains an unknown material distribution, and both
free-slip and no-slip boundary conditions are investigated to assess their impact on

the optimized designs.
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system is divided into two segregated steps: 1) solves the Itered and projected
control variables; 2) solves for the velocity and pressure elds. Each segregated
group is solved using Newton's method in combination with a direct linear solver

(PARDISO). The convergence tolerance of Newton's method is set to 1le-6. 4

-

N

w

For sensitivity analysis, COMSOL has an integrated powerful automatic di erenti- 5
ation based on the discrete adjoint method (COMSOL, 2025a). This allows the user s
to implement complex methodologies without explicitly deriving the adjoint. We 7
utilize this potential to the fullest and thus no derivations of the adjoint equations 8
are presented herein. 0

For the topology optimization process, we employ the Method of Moving Asymp- 1
totes (MMA) (Svanberg, 1987) as the optimization algorithm with default COM- 1
SOL parameter values, except that the default inner GCMMA iterations are turned 12
o . The objective function is scaled based on the initial solution. To ensure stable 13
convergence, a moving limit of 02 is imposed on the design variables during each 1.
iteration. 15

3.1 Continuation approach 1

To ensure a smooth optimization process and de ne implicit wall boundaries dur- 17
ing the optimization process, this study adopts a continuation strategy for the s
wall intensity parameter nax, the Brinkman interpolation parameter q , and 1
the steepness parameter . Incorporating the wall e ect e ectively requires high 20
values of s« . However, applying such high values from the beginning of the opti- =
mization may lead to locally inaccurate wall de nitions and can compromise the =
well-posedness of the problem. On the other hand, initializing with low values of 2

max tends to impose a strict no-slip condition across the domain, potentially hin- 2
dering the formation of meaningful wall structures with the \knowledge" of free 2
Sllp 26

To address these challenges, the optimization process begins with a high values ofz
wall intensity and elevated values ofq . As the optimization progressesq is gradu- s
ally decreased while nax is progressively increased. This coordinated continuation 2o
strategy reduces the risk of convergence to poor local minima and avoids premature =
or excessive wall de nition. In parallel, the steepness parameter is also initialized =«
with a relatively high value and increased during the optimization. This facilitates
the emergence of physically meaningful initial wall features, which are then re ned s
as the optimization proceeds. Altogether, this approach promotes a robust, sta- =
ble optimization process and ensures a well-converged, physically consistent nal ss
design. The speci ¢ values are given for each example in the following sections. s

The MMA solver terminates when the following is satis ed: (i) the relative change =
of all scaled design variables (scaled by their initial magnitudes in this study) s

falls below the optimality tolerance 10 2; (ii) objective stagnation, % < 39
max 17jJk]

for ve consecutive iterations, in which J is the objective function with a small
tolerance; or (iii) a safeguard of at most 25 MMA iterations (for cases. #1{#6) and «
35 MMA iterations (for Cases.#7, and#8) per continuation step in the benchmarks  «
reported herein. a3
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Table 2 : Workbench con gurations and boundary conditions.

Workbench Boundary condition =~ Case Number
Short double pipe  No slip case #1
Short double pipe  Free slip case #2
Long double pipe  No slip case #3
Long double pipe  Free slip case #4
Bending pipe No slip case #5
Bending pipe Free slip case #6
Tesla valve No slip case #7
Tesla valve Free slip case #8
4 Topology optimization test cases .

To illustrate the impact of free slip on the design process and to demonstrate the »
correct implementation and e ective utilization of this newly introduced bound- 3
ary condition, it is important to de ne common benchmark examples (Sigmund, 4
2022). Four well-established benchmark problems from the literature are investi- s
gated (Borrvall and Petersson, 2003; Gersborg-Hansest al., 2005; Pingenet al., &
2008): the short and long double-pipe problem, the bending ow problem, followed -
by the Tesla valve problem. These test cases are identi ed in Table 2 and schematics s
of them are shown in Fig. 11. 9

The mesh statistics for all test cases are summarized in Table 3, and the
corresponding mesh schematics are shown in Fig. 12. 1

Table 3 : Mesh statistics for di erent cases.

Case Number of elements  Number of DOF hmax
Case #1,#2 96,078 242,210 0.00625
Case #3,#4 194,736 490,055 0.00625
Case #5,#6 63,592 160,585 0.00625
Case #7,#8 60,350 441,621 0.008125
4.1 Short double pipe problem 12

The schematic representation of the setup is illustrated in Fig. 11a, while the corre- 1
sponding optimization parameters and uid properties are summarized in Table 4. 1
As shown in Fig. 11a, the uid enters the inlet channel and ows through the s
domain toward the outlet, aiming to minimize the overall pressure drop along its 16
path. At the same time, the material distribution must satisfy the volume fraction 17
constraint. 18

In Table 5, the topology optimization history for Cases #1 and #2 is presented. 1
The ow enters the domain through two inlets and seeks an optimal path toward
the outlet to minimize the pressure drop. As illustrated in Tables 5a to 5h, Case #1 =«
featuring no-slip boundary conditions, results in an optimal design where the pipes 2
merge and connect to a single outlet (Papadopoulost al., 2021). As reported 2
in Alexandersen (2023), this result holds for Reynolds numbers lower than 40. 2
This behavior arises from signi cant energy losses due to friction along the walls. 2
The presence of wall-induced shear stress increases the pressure drop. Hence, the
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Fig. 12 : Schematic of the mesh forhn,;x = 0:00625.

optimizer reduces the total wall length by directing the ow along the shortest
possible path with the least number of channels to minimize pressure drop.

In contrast, Tables 5i to 5p show the design variable and velocity pro le for Case #2,

where free-slip boundary conditions are applied. Under ideal free-slip conditions,
there is essentially no energy loss along the walls, allowing the optimizer to uti-
lize additional wall surfaces without penalty. In this scenario, energy losses are
associated with changes in ow direction. Consequently, the optimizer favors a con-
guration with two straight separate channels, as this design avoids unnecessary

1

directional changes and associated energy costs. This solution is usually only seen s

for high-inertia ows (Alexandersen, 2023).

Tables 5q to 5t shows the design history of the wall intensity, , illustrating how
this eld evolves during the topology optimization process. This region represents
the implicit wall, and the boundary condition is implemented over this area.

In Fig. 13, the nal results of the topology optimization are compared against sim-
ulations employing an explicit wall with both slip and no-slip boundary conditions.
The graphs illustrate the velocity pro les along the vertical and horizontal midlines,
as well as the pressure distribution along the horizontal midline. The compari-
son indicates a good agreement between the optimized topology with implicit wall
modeling and the explicit wall simulations. Furthermore, the in uence of the slip
boundary condition is evident: the maximum velocity reaches approximately 09
in the no-slip case, while it decreases to around:8 when slip boundary conditions
are applied. This highlights the signi cant impact of wall boundary conditions on
the resulting ow behavior.

The bending e ect observed in the optimized designs (Fig. 13), originates mainly
in the early stages of the topology optimization process, where the ow tends to
connect through the central region and may trap the optimizer. This phenomenon
is not unique to the present formulation but has also been reported for conven-
tional no-slip approaches, and it is amplied by the use of triangular meshes.
Although applying a uniform inlet velocity pro le reduces the bending e ect, it
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Table 4 : Double pipe optimization parameters for cases #1, #2, #3, and #4.

Parameter Value

12 18 18 18 18 18

Oa 150 100 50 25 10 10
max 100 100 200 200 300 500
R1 ihmax

\ 3

RZ 6hma><

Re 1

hmax 0:00625

L1 1

Da 4 10 %

does not eliminate it entirely, as residual bending persists in the initial optimization
iterations.

4.2 Long double pipe problem

To further demonstrate the di erence between no slip and free slip, we consider a
longer rectangular domain with a high aspect ratio (length-to-width ratio of 3), as
illustrated in Fig. 11c. This con guration presents a stringent benchmark, where the
optimizer can very easily fall into joining the two channels during the optimization,
even when it is not optimal. The optimization parameters remain consistent with
those reported in Table 4, ensuring a fair basis for comparison.

As shown in Fig. 14, we observe similar results for the long double pipe problem
as for the short one. Under the free-slip boundary condition, the uid tends to
converge into two straight channels, while under the no-slip boundary condition,
the ow regions connect, aiming to minimize the total wall length. This further
illustrates the signi cant in uence of boundary condition selection on the resulting
topology. In Table 7, a body tted re{simulation study of the optimized designs
for the short double{pipe benchmark was conducted under both free{slip and no{
slip boundary conditions. The results show that the geometry optimized for free{
slip achieves the best performance when re{simulated with free{slip, whereas the
geometry optimized for no{slip performs best under no{slip. This con rms that

a design optimized for a given boundary condition performs best when evaluated
under the same condition.

4.3 Bending pipe problem

Another well-known benchmark in the eld is the bending channel problem, in

which uid must navigate a 90 turn while minimizing pressure loss (Borrvall and

Petersson, 2003; Gersborg-Hanseet al., 2005). In this study, we address this clas-
sical problem using topology optimization cases #5 and #6, with the parameters
detailed in Table 6. Our approach follows a continuation scheme involving the
Brinkman interpolation parameter @, the steepness parameter , and the wall

penalization intensity max, as described in Section 3.1.

In the literature, the topology optimization of the bending pipe has been carried out
under no-slip boundary conditions, which have been the only applicable conditions
for such problems. Under this assumption, the optimized uid channel shows strong
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(a) Implicit wall with slip boundary condition (e) Velocity over the horizontal cutting line

(b) Explicit wall with slip boundary condition (f) Pressure over the horizontal cutting line
(c) Explicit wall with no-slip boundary condition (9) Velocity over the vertical cutting line
(d) Horizontal cutting line (h) Vertical cutting line

Fig. 13 : Velocity elds and line-sampled pro les for the nal topology-optimized
double-pipe designs. Fig. 13a shows the streamwise velocity for the implicit{wall,
free{slip case; Fig. 13b shows the explicit{wall, free{slip case; and Fig. 13c shows
the explicit{wall, no{slip case. The sampling-line locations are indicated in Fig. 13d
(horizontal) and Fig. 13h (vertical). The velocity and pressure pro les along the
horizontal line are plotted in Fig. 13e and Fig. 13f, respectively, while Fig. 13g
reports the velocity pro le along the vertical line. Note the mild pre{outlet increase

of the centerline velocity in Fig. 13a, which stems from a marginally smaller e ective
outlet width in the implicit representation.






	Introduction
	Motivation
	Literature
	Fluid topology optimization
	Use of spatial design gradient
	Works related to slip boundary conditions

	Contribution
	Paper layout

	Formulation
	Incompressible laminar fluid flow
	Free-slip boundary condition formulation on an explicit wall
	Design variable
	Filter and projection
	Brinkman penalty term

	Implicit wall free-slip boundary condition formulation
	Second filter
	Representation of the fluid-solid interface and corresponding normal vector

	Volumetric penalty formulation for free slip
	Finite element formulation
	Verification of implicit wall free-slip implementation
	Parameters for implicit slip simulation
	Root Mean Square Error (RMSE) percentage
	Validation of implicit wall method
	Checking mass balance and wall leakage at the implicit wall with free–slip boundary Condition

	Note on other approaches for implicit wall free slip enforcement
	Optimization problem formulations

	Numerical topology optimization solver
	Continuation approach

	Topology optimization test cases
	Short double pipe problem
	Long double pipe problem
	Bending pipe problem
	Tesla valve

	Conclusions

